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Abstract. Motivated by earlier work on the use of fully-coupled Forward-Backward Stochastic Dif- 
ferential Equations (henceforth FBSDEs) in the analysis of mathematical models for the CO2 emissions 
markets, the present study is concerned with the analysis of these equations when the generator of the 
forward equation has a conservative degenerate structure and the terminal condition of the backward 
equation is a non-smooth function of the terminal value of the forward component. We show that a 
general form of existence and uniqueness result still holds. When the function giving the terminal con- 
dition is binary, we also show that the flow property of the forward component of the solution can fail 
at the terminal time. In particular, we prove that a Dirac point mass appears in its distribution, exactly 
at the location of the jump of the binary function giving the terminal condition. We provide a detailed 
analysis of the breakdown of the Markovian representation of the solution at the terminal time. 



1. Introduction 

This paper is a contribution to the theory of fully-coupled forward-backward stochastic differential 
equations (FBSDEs), which goes back to the seminal paper of Pai^doux and Peng |[T5l on decoupled 
FBSDEs. Fundamental existence and uniqueness results for fully-coupled FBSDEs can be found in 
the subsequent works of Ma, Protter and Yong f\T\, Peng and Wu |[T6l and Delarue iQ, or in the 
book of Ma and Yong f\3 t All these results remain rather technical in nature. As far as we know, 
the terminal value Yt of the backward component is always specified in the Markovian set-up as a 
continuous function, say = cI){Xt), of the terminal value of the forward component. In this 
setting, a crucial role is played by the representation Yt = v{t, Xt) of the backward component as 
a function of the forward component, the function v being the natural candidate for the solution of 
a nonlinear Partial Differential Equation (PDF). As we shall see in this paper, the properties of this 
PDF play a crucial role in the analysis of Markovian FBSDEs. See for example ||6ll3- 

Motivated by the analysis of mathematical models of the CO2 emissions markets, see for example 
[mill we are interested in the case of forward processes {Xt = {Pt, Et))o<t<T having a one- 
dimensional component {Et)o<t<T with bounded variations, and a backward component {Yt)o<t<T 
having a terminal value given by a monotone function of Et, and especially when cf) is an indicator 
function of the form = 1[a,+oo)- In H], we proposed an unrealistic toy example for which we 
showed that, while the terminal condition could not be enforced, it was still possible to prove existence 
and uniqueness of a solution provided parts of the terminal condition are allowed to become part of 
the solution. 
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In the present paper, we propose general models for which we can prove a similai^ unique solvability 
result while, at the same time, we cai^efuUy investigate the pathological behavior of the solution neai^ 
and at the threshold A. When the forward diffusion process driving the model is non-degenerate, we 
show that there always exists a set of strictly positive probability of scenarii for which the degenerate 
component ends exactly at the threshold. In other words, the marginal law of the bounded variations 
component {Et)o<t<T has a Dirac point mass at the terminal time T. We also show that, conditionally 
on this event, the support of the distribution of Yr covers the entire interval [0,1]. This demonstrates a 
breakdown of the expected Mai^kovian structure of the solution according to which Yr is expected to 
be a function of Et- Restated in terms of the information a-fields generated by the random variables 
Yt and Et, this can be rewritten as ^ (t{Et)- This fact has dramatic consequences for the 

emissions market models. Indeed, while a price for the allowance certificates exists and is unique 
in such a model, its terminal value cannot be prescribed as the model would require! Finally, we 
investigate the formation of the Dirac mass at the threshold A in some specific models: we study 
examples in which the noise degenerate at different rates. We also show that the toy model analyzed 
in 01 is critical as we prove that the noise propagates near the threshold with a dramatically small 
variance. 

Our analysis is strongly connected to the standard theory of hyperbolic PDEs: our FBSDE model 
appears as a stochastic perturbation of a first-order conservation law. This connection plays a key 
role in the analysis: the relaxed notion of solvability and the pathological behavior of the solution at 
the terminal time are consequences of the shock observed in the corresponding conservation law. In 
particular, we spend a significant amount of time in determining how the system feels the deterministic 
shock. Specifically, we compare the intensity of the noise plugged into the system with the typical 
energy required to escape from the trap resulting from the shock: because of the degeneracy of the 
forward equation, it turns out that the noise plugged into the system is not strong enough to avoid 
the collateral effect of the shock. Put differently, the non-standard notion of solution follows from 
the concomitancy of the degeneracy of the forward equation and of the singularity of the terminal 
condition. 

We are confident that the paper gives the right picture for the pathological behavior of the system at 
the terminal time. However, several questions about the dynamics remain open. In particular, it seems 
rather difficult to describe the propagation of the noise before terminal time. As we already pointed 
out, the specific models investigated in this paper highlight various forms of propagation, but all of 
them suggest that the way the noise spreads out is very sensitive to the properties of the coefficients, 
making it extremely difficult to establish general criteria for noise propagation. 

We now give more details about the FBSDEs we consider in this paper. We assume that the 
multivariate forward process {Xt)o<t<T has non-degenerate components which we denote Pt and a 
degenerate component Et. To be specific, our FBSDE has the form: 



As usual, the forward components have to satisfy an initial condition, say [Pq, Eq) = {p, e) while the 
backward component needs to satisfy a terminal condition given by a function of the terminal value 
{Pt,Et) of the forward components. In this paper, we consider terminal conditions of the form 



(1) 



< 



'dPt 
dEt 



b{Pt)dt + a{Pt)dWu 
-fiPt,Yt)dt 
{Zt,dWt), 0<t<T, 
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Yt = (I){Et)- Our goal is to study systems for which the function cj) is singulars in contrast to most of 
the existing hterature on FBSDEs in which the function cj) is required to be Lipschitz continuous. In 
Section|2]we prove a general existence and uniqueness result including the case of indicator functions 

It is demonstrated in [H that forward backward systems of the form ([J) appear naturally in the 
analysis of mathematical models for the emissions markets. See for example 131 [18] El |4| for math- 
ematical models of these markets. As exemplified in {\\, the components of the stochastic process 
P can be viewed as the prices of the goods whose production is the source of the emissions, for ex- 
ample electricity, E as the cumulative emissions of the producers, and Y as the price of an emission 
allowance typically representing one ton of CO2 equivalent. The terminal condition is of the form 
4> = Al[A,+oo) where the real constant A > represents the cap, emission target set up by the reg- 
ulator. A penalty of A is applied to each ton of CO2 exceeding the threshold A at the end T of the 
regulation period. Changing numeraire if necessary, we can assume that A = 1 without any loss of 
generality. A typical example of function / is given by f{p, y) = c{p — ycc) where c is the inverse 
of the function giving the marginal costs of production of the goods and Cc the vector (with the same 
dimension as p) giving the rates of emissions associated with the production of the various goods. It 
is important to emphasize that the terminal condition Yt = 1[a,+oo)(^t) is given by a non-smooth 
deterministic function 1[a,+oo) of forward component of the system. A very particular case of ([T|l 
corresponding to d = 1, 6 = 0, o" = 1 and /(p, y) = p — y, was partially analyzed in [ 1 ], and served 
as motivation for the detailed analysis presented in this paper. 

The paper is organized as follows. Section |2l gives our general existence and uniqueness result 
including analytic a priori estimates which are crucial for the subsequent analysis. In Section |3l we 
restrict ourselves to a terminal condition of the form (p = 1[a,+oo) ^^i^ we investigate the terminal 
value of the process {Et)o<t<T- We show that, under suitable assumptions, the law of Et has a Dirac 
mass at the threshold A for some initial conditions of the process {Pt,Et)o<t<T- Under the additional 
assumption that the dynamics of the process {Pt)o<t<T are uniformly elliptic, we show that this Dirac 
mass is present for all the initial conditions and that the support of the conditional law of Yt given 
Et = a is equal to the entire interval [0, 1]. Finally, Section [His concerned with the analysis of the 
smoothness properties of the distribution of Et for t < T. We show how the paths of the process E 
coalesce at the threshold A, and how the flow e ^ E^'^''^ looses its homeomorphic property at time 
T. 

The paper ends with an appendix devoted to the proofs of technical estimates which would have 
distracted from the main thrust of the paper, should have they been included where used. 

2. A General Existence and Uniqueness Theorem for Singular FBSDEs 

We here discuss the existence and uniqueness of solutions to FBSDEs of the form (O, with Yt = 
4>{Et) as terminal condition at a given terminal time T > for a non-decreasing bounded function 
: M ^ M. Without any loss of generality we shall assume that 

(2) inf (l){x) = 0, and sup(^(x) = 1. 

The process {Pt)o<t<T is of dimension d, while {Et)o<t<T and (yj)o<t<T are one-dimensional. The 
process W = {Wt)o<t<T is a d-dimensional Brownian motion on some complete probabihty space 
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($7, J", PV and the filtration {Tt)o<t<T is the filtration generated by W augmented with P-nuU sets. 
(See alscQ.) 

Throughout the paper, the coefficients b -.W^ ^W^, a -.W^ ^ W^'^'^ and / : M'^ x M M satisfy 
(A) There exist three constants L > I and ii,£2 > 0, 1/L < £i < £2 < L, such that 
(A.l) b and a are at most of L-linear growth in the sense that 

\b{p)\ + \a{p)\<L{i + \p\), pern.'' 

and L-Lipschitz continuous in the sense that: 

Hp) - b{p)\ + \a{p) - a{p')\ <L\p-p'\, p,p' eM.'^. 

(A.2) for any y € M, the function U.'^ 3 p f{p, y) is L-Lipschitz continuous and satisfies: 

\f{p,y)\<L{l + \p\ + \y\), peM"^. 
Moreover, for any p G W^, the function y '-^ f{p, y) is strictly increasing and satisfies 

£i\y-y'? < {y - y')[f{p,y) - f{p,y')] < £2\y - y'\^ y,y' eR. 

Since £2 < L, f is also L-Lipschitz continuous in y. 

Remark 2.1. The strict monotonicity property of f must be understood as a strict convexity property 
of the anti-derivative of f, as typically assumed in the theory of scalar conservation laws. 

The main result of this section is stated in terms of the left continuous and right continuous versions 
(/)-_ and (/)+ of the function 4> giving the terminal condition. They are defined as: 

(3) (l>-{x) = sup 0(2;'), and (l>+{x) = inf 0(x'). 

Theorem 2.2. Given any initial condition [p, e) G M*^ x M, there exists a unique progressively- 
measurable 4-tuple {Pt, Et,Yt, Zt)o<t<T satisfying ([T]) together with the initial conditions Pq = p 
and Eq = e and the terminal condition 

(4) ¥{(t>^{ET) <Yt <(l)+iET)} = 1. 

Moreover, there exists a constant C, depending on L and T only, such that almost surely \Zt\ < C 
/ort € [0,r]. 

Remark 2.3. We first emphasize that Theorem \2.2\ is still valid when Eq. ([T]l is set on an interval 

[io,L], < io < ^> with {Ptg,Etg) = (p, e) as initial condition. The solution is then denoted by 
/'p*o>P Tpto,P,e T^to,p,e yto,p,e\ 

i^t i^t )to<t<T- 

We now discuss the meaning of Theorem \2.2\ generally speaking, it must be understood as an 
existence and uniqueness theorem with a relaxed terminal condition. As we shall see below, there is 
no way to construct a solution to ([T]) satisfying the terminal condition Yt = (I){Et) exactly: relaxing 
the terminal condition is thus necessary to obtain an existence property. In this framework, (HJl must 
be seen as the right relaxed terminal condition since it guarantees both existence and uniqueness 
of a solution to ([T]l. As explained in Introduction, the need for a relaxed terminal condition follows 
from the simultaneity of the degeneracy of the forward equation and of the singularity of the terminal 
condition. (We will go back to this point later. ) 



When specified below, we will sometimes enlarge the filtration to carry additional randomness. 
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Eq. (lU raises a natural question: is there any chance that (^-{Et) and (P^{Et) really differ 
with a non-zero probability? Put differently, does the process {Et)o<t<T really feel the discontinuity 
points of the terminal condition? (Otherwise, there is no need for a relaxed terminal condition.) The 
answer is given in Section \3\ in the case when (f> is the Heaviside function: under some additional 
conditions, it is proven that the random variable Ej- has a Dirac mass at the singular point of the 
terminal condition; that is ^ is relevant. 

2.1. Existence via mollifying. The analysis relies on a mollifying argument. We first handle the 
case when the function (j) giving the terminal condition is a non-decreasing smooth function (in which 
case (/)- = (1)+ = (j)) with values in [0, 1]: we then prove that Eq. ([T]) admits a unique solution 

(p/«'P,£;f'*«'P'^y/'*0'P'^zf'*0'P'^)f„<t<T for any initial condition ^f/O'^'*^) = {p,e). This 

permits to define the value function v'^ : [0,T] x x M. 3 {tQ,p, e) ^ y^^'*o.p.e when cf) is smooth. 
In a second step, we approximate the true terminal condition in Theorem l2.2l by a sequence {(t)n)n>i 
of smooth terminal conditions: we prove that the value functions {v^'^)n>i are uniformly continuous 
on every compact subset of [0, T)xW^ x M. By a compactness argument, we then complete the proof 
of existence in Theorem l2.2[ 



2. 1. 1. Existence and Uniqueness for a Smooth Terminal Condition. We here assume that the terminal 
condition is a non-decreasing smooth function with values in [0, 1]. (In particular, it is assumed to be 
Lipschitz.) In such a case, existence and uniqueness are known to hold in small time, see for example 
Delarue 161. A standard way to establish existence and uniqueness over an interval of arbitrary length 
consists in forcing the system by non-degenerate noise. Below, we thus consider the case when the 
dynamics of P and E include additional noise terms of small variance G (0, 1), e > 0. To be more 
specific, we call mollified equation the system 



(5) 



dP^ = b{Pi)dt + cj(Pf )dWf + edWl, 
dEI = -fiPi,Yf)dt + edBt, 

dYf = {Zf, dWt) + (Zf , dWl) + TIdBt, 0<t<T, 



with = 4>{Ej,) as terminal condition, (VF()o<t<r> (W^/)o<t<T and {Bt)o<t<T standing for three 
independent Brownian motions, of dimension d, d and 1 respectively, on the same probability space 
as above, the filtration being enlarged to accommodate them. Here, (Zf , ^ Tf)Q<t<T stands for 
the integrand of the martingale representation of (y/)o<t<r in the complete filtration generated by 

{Wt,Wl,Bt)o<t<T. 

When the coefficients b and a are bounded and the coefficient / is bounded w.r.t. p, the molli- 
fied system ^ admits a unique solution for any initial condition, see IQ. For any initial condition 

{to,p, e) € [0, T] X R"' X M, we then denote by 

to<t<T the unique solution of the mollified 

equation Then, the value function 

(6) v^:{to,p,e)^Y,f°'P''G[0,l] 

is of class C^'^ on [0, T] x M'^ x M, with bounded and continuous derivatives, and satisfies the PDE: 

p2 2 

(7) [dtv' + Cpv' + -d^pv' + -dlv']it,p,e) - f{p,v%t,p,e))dev%t,p,e) = 0, 
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with v'^{T,p,e) = 4'{e) as terminal condition, Cp standing for the second order partial differential 
lineal" operator 

(8) Cp = dp) + ^Trace[a(-)52J , 

where we use the notation a for the symmetric non-negative definite matrix a = aa~^ . The solution 
to © then satisfies: for < t < T, Yf = v%t, Pi, El), and 

Z! = a^{PndpV%t, Pi, El), Z'f = edpv^t, Pf , El) and Tf = edev'{t, Pf , El). 

The strategy for the proof of existence and uniqueness to Eq. ([T]) when driven by the smooth 
terminal condition is as follows. In Propositions 12.41 and 12.61 below, we establish several crucial 
a-priori estimates on . In particular, we prove that the gradient of can be bounded on the whole 
[0, T] X M*^ X M by a constant only depending on the Lipschitz constant of (j) and on L in (A. 1-2). 
RefeiTing to the induction scheme in |[6l and using a standard truncation argument of the coefficients, 
this implies that Eq. ([T]) is uniquely solvable without any boundedness assumption on h, a and / and 
without any additional viscosity. (See Corollary 12.71 ) 

The first a-priori estimate is similar to Proposition 3 in [H : 

Proposition 2.4. Assume that the coefficients b, a and f are bounded in p. Then, for the mollified 
equation (O, we have: 

(9) V(t,p,e) G [0,r) xM^xM, < dev'{t,p,e) < j-^^—^. 

Moreover, the L^-norm ofdeV^ on the whole [0, T] X M"' X M can be bounded in terms of L and the 
Lipschitz norm of (j) only. 

Remark 2.5. Pay attention that the bounds for d^v'^ are independent of the bounds of the coefficients 
b, a and f w.rt. the variable p. This point is crucial in the sequel. 

Proof. To prove (|9l), without any loss of generality, we can assume that the coefficients are infinitely 
differentiable with bounded derivatives of any order. Indeed, if ^ holds in the infinitely differentiable 
setting, it is shown to hold in the initial framework as well by a mollifying ai^gument whose details may 
be found in Section 2 in [61. In that case, < dyf < L. The point then consists in differentiating 
the processes E'^ and with respect to the initial condition. 

If we fix an initial condition {to,p, e) € [0, T] X X M, then, {E'/''''''')t, <t<T satisfies: 

E'/'^'^'' = e - f f{P!^'^'P,v'is,El^'°^n)ds 
Jto 

so that we can consider the derivative process {deEl'^°'-^'^)tQ<t<T- By Pardoux and Peng lITSll . we can 
also consider the four derivative processes {deY^'''°'^''')to<t<T, {deZf^"'^''')to<t<T, {deZ'/'^°'^''')to<t<T 
and {deT'/'"'''%^<t<T. Of course, 9^^/'*°'^'' = deV^t, Pt'°'^ , El'''"'''^)deEl''°'P'\ It is plain to 
see that (below, we do not specify the index {to,p, e) to simplify the notations) 

d[deEl] = -dyf {PI, Yt')deYfdt = -dyf {PI, Yf)dev'{t, P^ , EDO^Eldt, to<t<T, 
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SO that 

(10) deEl = exp I' dyf{Pl Y!)dev'{s, PI, El)ds^ , to<t<T, 

which is bounded from above and from below by positive constants, uniformly in time and random- 
ness. Now, we can compute 

d[deYf] = (deZldWt) + {deZ['', dWl) + ^eTfriSt, to<t<T. 

Taking expectations on both sides (note that {deZf)tQ<t<T, {deZ^^)tQ<t<T and (SeTj )t,j<t<T belong 
to L'^i[to,T] xn,dF(^ dt)), we deduce that deYf^ = E[deY^] = E[de(l){E^)deE^] > 0, so that 
deV^{to,p, e) > 0. To get the upper bound, we compute 

d[deE!] = dyfiPl,Y/)deYf [deEtr^dt, to<t<T, 

so that 

d[deYf{deE!)-'] = {deE!)-'[{deZldWt) + {dX^' , dW^) + OeTtdBt] 

+ dyfiP!,Yf) [d^Yf] ' [d^Etr'dt. 
Taking expectations on both sides and using the lower bound for dyf, we deduce that 

(12) d{E[deY,%deE!r']) > hE{[deY,']\deE!]-^)dt. 

By Cauchy-Schwarz inequality, we obtain 

d{E[deYf{deE!y']) > h[E{[deYf] [deE!]~')]^dt, to<t<T. 

Without loss of generality, we can assume that deV^{tQ,p, e) ^ 0, as otherwise, the upper bound for 
the derivative is obvious. Therefore, deY^^{deEl^)~'^ = d(.v'^{to,p, e) ^ 0. We then consider the first 
time T at which the continuous deterministic function E [d(.Yf {deEf)~^~\ hits zero. For t € [to, tAT), 
we have 

dmYmEin) 

i.e. [d,Yf^{deElXT' - i^9eYndeE!r']y' >h{t-to).^ 

We then notice that the function t G [to, T] i-> K[deYf (deE^)^^] cannot vanish, as otherwise, the 
left-hand side would be — oo since explosion can only occur in +oo. Therefore, we can let t tend to 
T to deduce that 

(13) [d,Y^l{d,EtJ-X'>h{T-to), 

which completes the first part of the proof. 

The second part of the proof is a straightforward consequence of Delai^ue [61: in small time, i.e. 
for t close to T, the Lipschitz constant of v^(t, •) can be bounded in terms of the Lipschitz constants 
of the coefficients and of the terminal condition. For t away from T, the result follows from the first 
part of the statement directly. □ 

We now estimate the derivative of the value function in the direction p, and then derive the regu- 
larity in time: 
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Proposition 2.6. Assume that the coefficients b, a and f in the mollified equation ([5]) are bounded 
in p. Then, there exists a constant C, depending on L and T only, such that, for any {t,p,e) € 
[0, T) X M'' X R, we have: 

(14) \dpv'{t,p,e)\<C. 

As a consequence, for any 6 G (0, T) and any compact set K C M'^, tJie 1/2-Hdlder norm of the 
function [0, T — 5] 3 t ^ v^{t,p,e), p G K and e € M, is bounded in terms of 5, K, L and T only; 
the 1/2-Hdlder norm of the function [0,T] 3 t ^ v^{t,p,e) (that is the same function but on the 
whole [0,T]), p € K and e € M, is bounded in terms of K, L, T and the Lipschitz norm of cj) only. 

Proof. Again, using a mollifying ai^gument if necessary, we can assume without any loss of gen- 
erality that the coefficients are infinitely differentiable with bounded derivatives of any order. By 
Section 3 in Crisan and Delarue IH, u*^ is infinitely differentiable w.r.t. p and e, with bounded and 
continuous derivatives of any order on [0, T] x M'^ x M. The idea then consists in differentiating the 
equation satisfied by with respect to p. Writing p = {pi)i<i<d, we see that (5p,t;^)i<j<rf satisfies 
the system of PDEs: 

2 2 



(15) 1. 

2 

- [dpj{p,v^{t,p,e)) + dyf{p,v%t,p,e))dp,v''{t,p,e)]deV^t,p,e) = 0, 



^TTace[dp^a{p)dppV%t,p, e)] - /(p, v%t,p, e))de [dp,v^] it,p, e) 



for {t,p, e) G [0, T) x M*^ x R and 1 < i < d, with the terminal condition dp.v^{T,p, e) = 0. For a 
given initial condition {to,p, e) G [0, T) x M'^ x M, we set 

{U!,Vn = (aX(t,^/'*°'^i^t'*°'^''),5>^(t,^/'*"'^^i'*°'''''))> to<t<T. 
By (T5[ and Ito's formula, we can write 

(16) ^ 

+ dyf{Pi,Y,')deV%t, , E!)U!dt + VfaiPndWt + eVfdWl + ed^y{t, Pf , E!)dBt, 

tQ <t <T, Trace[9pa(Pf standing for the vector (Trace[9p.a(Pf )V/])i<j<d. Introducing the 
exponential weight 

St = exp(^- ^* dyf{Pl,Y!)dev'{s, P!, El)ds^ , to<t<T, 

and setting (C7f , Vf) = £t{Uf, Vf), we obtain 

^^^^ dUf = -[dpb{PnVU!dt-^Trace[dpa{Pm']dt + dpf{P!,Yf)deV%t,P!,El)^^ 
+ Vfa{P!)dWt + eVfdW; + e£td^p,v'{t, , E!)dBt, to<t<T, 
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with C/j, = as terminal condition. Noting that |Trace[5pa(Pf | < L\Vfa{Pl)\ and applying 
Ito's formula to {\Ut\'^)to<t<T, we obtain 



T 



E[\U!f]+E / [\v:a{P!)f + e'\V:\' + e'\£!d'p,v^s,P!,El)f]ds 



<CEl\m^ + m\V:a{P!)\]ds + CE 



T 

sup \UI\ I dev'{s,P^,El)Slds 

.to<s<T 



for some constant C depending on L only, possibly varying from line to line. By (A.2), the integral 
deV^{s, Pg, Eg)£gds can be bounded by L. Using the convexity inequality 2xy < ax^ + a^^y"^, 
a > 0, we deduce 

E[\Ut\^]+\E j\\V!a{P!)\'' +e^\V!\'' +e^\SldlA^^ 
<CE [ \Ul\'^ds + CE[ sup \UI\]. 

Jt to<s<T 

By (fTTl ) and the Biirkholder-Davies-Gundy inequality, we can bound E[supjy<^<7i |i7||] directly. We 
obtain 

E[m']+lEl\\V,^a{P!)\' + e'\V!\' + e'\£ld'^A-^^ 
1+E^ [\Ul\'' + \W^\ + \V!a{P!)\]ds 



< C 



rT _ _ ^1/2 

+ (E / ma{Pt)\^ + e^\Vn^ + e^\£ldtv{s,Pt,m)\^]ds 



Using the convexity inequality 2xy < ax^ + a ^y^ again (with a > 0), together with Gronwall's 
Lemma, we deduce the announced bound for E[|?7fp p]. 

The end of the proof is quite standard. For {to,t,p,e) £ [0,T) x [0,r) x M'' x M, to < t, we 



deduce from the martingale property of {v^{s, pj'*^'^, Es'*°'^'^))tg 



<s<T- 



\v%to,p,e)-v'it,p,e)\<E[\v^t,Pt'"'',E' 



v{t,p,e)\] . 



By Q and (fT4l) . there exists a constant C, depending on L and T only, such that 



|t;^(to,P,e) - t;^(t,p,e)| < 



C 



T-t 



E[\P, 



S,to,p 

t 



■p\ + \e: 



€,t(i,p,e 



c 



e\\<^^{l + \p\){t-toYl\ 



Alternatively, by the second part in Proposition 12.41 and by ([T4l ). there exists a constant C , depending 
on L, T and the Lipschitz constant of (j) only, such that 



\v'{to,p,e) - v'{t,p,e)\ < C'E[\Pt''^P-p\ + - e\] < C'{1 + \p\){t - t^f'^ 

This completes the proof. 
As announced, we deduce 



□ 
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Corollary 2.7. Assume that Assumptions (A.l ) and (A. 2) are in force and that (p is a non-decreasing 
Lipschitz smooth function with values in [0,1]. Then, for any {to,p,e) G [0, T] x M*^ x M and 
e € (0, 1), the mollified Eq. (|5]l is uniquely solvable under the initial condition (P^^^jEf^) = {p,e) 
(even if the coefficients are not bounded). In particular, the value ffinction in ^ still makes sense: 
it is a C^'^ solution of the PDE ^ on the whole [0, T] X M'^ X M and it satisfies (|9]) and (|14l) . 

Similarly, original Eq. ([U is uniquely solvable under the initial condition [Pt^ , Et^^ ) = (p, e) 
and the terminal condition Yt = 4>{Et). Denoting by (P/"'^, Ep^o,p,e^ y^'^^'^^'^ ^ zf'^°'^''^)tQ<t<T th^ 
solution with {to,p,e) as initial condition, the value function v'^ : [0,T] x M*^ x M 9 (to,p,e) ^ 
y^0,to,p,e 1^ ii^i^ of as £ tends to 0, the convergence being uniform on compact subsets of 
[0, T] X M'^ X R. 

Proof. The proof of unique solvability is the same as in Delarue ||6l, both for ^ and for (O. In 
both cases, the coefficients are Lipschitz continuous: existence and uniqueness hold in small time; 
this permits to define the value functions and v'^ on some interval [T — 5q,T\, for a small positive 
real 5q depending on L, T and the Lipschitz norm of (f) only. By Theorem 1.3 in O, the functions 
(^'^)o<e<i converge towards v'l' as e tends 0, uniformly on compact subsets of [T — 5,T] x M'^ x E. 

Following Section 2 in O, we can approximate Eq. dS]) by equations of the same type, but driven by 
bounded smooth coefficients. In particular, we can apply Propositions l2.4l and l2.6l to the approximated 
equations: passing to the limit along the approximation, this shows that v^{T — 5Q,-,-)i?< C-Lipschitz 
continuous w.r.t. the variables p and e, for some constant C depending on 5q, L and T only. Letting e 
tend to 0, we deduce that v "^(T — 5o, •, •) C-Lipschitz as well. We then follow the induction scheme 
in ||6l: we can solve Eqs. dSjl and ^ on some interval \T — {5q + 6i) ,T — 6q\, with v^{T — 5q,-,-) 
and z;''^(T — (5o, •, •) as respective terminal conditions. Here, 5i depends on C, L and T only, i.e. on 
L, T and 5q only. This permits to extend the value functions and v"^ to [T — {5q-\-6i),T]. Iterating 
the process, we can define the value functions on the whole [0, T] x M*^ x M: they are Lipschitz 
continuous w.r.t. the variables p and e; and the functions {v^)o<e<i converge towards v'^ as e tends 
to 0, uniformly on compact subsets of [0, T] X M'' X M. The value functions being now constructed, 
existence and uniqueness are proven as in Theorem 2.6 in |[6l. 

It then remains to check that is a C^'^ solution of the PDE © on the whole [0, T] x M'^ x M. 
Basically, this follows from Schauder's estimates, see Chapter 8 in Kiylov ifTOl . Indeed, when the 
coefficients are bounded, PDE (|7]l may be seen as a uniformly elliptic PDE with locally Holder con- 
tinuous coefficients, the local Holder norms of the coefficients being independent of the L°° -bounds 
of the coefficients: this is a consequence of the last assertion in Proposition 12.61 By Schauder's esti- 
mates, the Holder norms of the first-order derivatives in time and space and second-order derivatives 
in space are bounded on compact subsets of [0, T] x M'' x M, independently of the L°° -bounds of the 
coefficients. Approximating the coefficients in ^ by bounded coefficients as in the previous para- 
graph and passing to the limit along the approximation, we deduce that is a classical solution of 
the PDE Similarly, we deduce that Q and ([T4l ) hold true at the Umit as well. □ 

2.1.2. Existence for a Singular Terminal Condition. To pass to the limit along the mollification of the 
terminal condition, we need first to understand the boundary behavior of the solution of the mollified 
equation We thus claim (the results provided in the following proposition will be refined in the 
next section when we restrict ourselves to binary terminal conditions 0): 
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Proposition 2.8. Consider the mollified equation ([5]) with a non-decreasing Lipschitz smooth terminal 
condition (f) satisfying Then, for any p > and q > 1, there exists a constant C {p, q) > 0, only 
depending on p, L and T, such that for any t G [0, T), e, A € M, and \p\ < p, we have: 

e > A ^ v'{t,p, e) > </.(A) - g)( J^-tl ^"'' 
(18) ^ ^ 

e < A ^ v%t,p, e) < (t){A) + C{p, 



A-e .-g 



In particular, for any t < T and p G 



pd 



(19) lim v'P{t,p,e) = 1, lim v'l'{t,p, e) = 0, 

e— >+oo e— oo 

being given by Corollary \2.7\ 



Proof. In (fTSl) . we will prove the lower bound only as the upper bound can be proven in a 
similar fashion. For a given starting point (to,P, e) G [0,T) X M'^ X M, we consider the solution 
(Pf E^'^"'^''', y/'*°'^''')to<t<T of the system ©. We ignore the superscrit {to,p, e) for the sake 
of convenience. We have: 

v%to,p,e)=E[<PiE'T)] > cl)iA)-F{E'T < A}. 
Since / is increasing w.r.t. y, for e > A, 



¥{E't <A} = l)ds + £{Bt -Bt,)>e-A^ 

< r{L(l + , -P^KI) + - ft.) > ^} < {j^y. 

Indeed, under the linear growth assumption (A.2), sup^|j<g<y \P^\ has finite g-moments, for any 
q > I. (Keep in mind that e G (0, 1), see The proof of ([18] ) is easily completed. 

Eq. (fT9l) easily follows. By Corollary I2.7[ we can let e tend to in ([TSl l. For e > 0, we obtain 

v'l'{t,p,e) > (t){e/2) - C{p,l)[e/{2LT)]-^. By©, we deduce that lime_,+oo e) = 1. The 

limit in — oo is proven in the same way. □ 

Below, we turn to the case when the function (j) giving the terminal condition Yt = (piEr) in (O 
is possibly discontinuous. As announced, we go back to the smooth setting by mollification: 

Example 2.9. Consider a non-decreasing function (p as in ^ and and as in ([3]l. Notice that 
(j)^ is a cumulative distribution function as a non-decreasing right-continuous function matching at 
— oo and 1 at +oo. Notice also that (j)- is the left-continuous version of(j)+- 

We now construct two specific mollifying sequences for (f). Let j be the density of a positive random 
variable, j being C°° with a compact support. Let ^ and t!) be independent random variables, ^ with 
as cumulative distribution function and 'Q with j as density. For each integer n > 1, denote by 
(j)^ and 0" the cumulative distribution functions of the random variables ^ — n~^'d and ^ + 
respectively. Then, the functions 0" and (f)"L are non-decreasing with values in [0, 1]. They are C°°, 
with bounded derivatives of any order Moreover, < (p and (j)^ > (p cind the sequences (0" )„>! 
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and {4>"L)n>i converge pointwise towards (p+ and (p- respectively as n tends +00. Finally, 

\(f>X{e) - (f>+{e)\de < ¥{e < ^ < e + t/n}j{t)dtde = - tj{t)dt^O 

Jr JrxR+ Jr+ 

as n tends to +00, so that the convergence of{(j/^)n>i towards (j)^ holds in (M) as well. ( Obviously, 
the same holds for {(j)1)n>i and cj)^.) 

Existence of a solution in Theorem l2.2l follows from 

Proposition 2.10. There exists a continuous function v : [0, T) [0, 1] satisfying 

(1) v{t, • , ■) is l/[£i{T — t)]-Lipschitz continuous with respect to e for any t € [0, T), 

(2) v{t, ■ , ■) is C-Lipschitz continuous with respect to pfor any t € [0, T), C as in (1141 ). 

(3) for each e € M, (e) < Ivait^T v{t,p,e) < (e) uniformly in p in compact subsets ofR'^. 

Moreover, for any {to,p, e) G [0, T) X M"' X M, the strong solution {E\°'^'''\,<t<T of 

(20) Et = e- f f{P','"P, v{s, Pi"'^ Es))ds, to<t<T, 

Jto 

is such that {v{t, -P/*^'^, El"'^'^))tQ<t<:T is a [0, l]-valued martingale with respect to the complete fil- 
tration generated by W, the integrand in the martingale representation of{v{t, -P/"'^, E\^''^'^))tQ<t<T 
being bounded by a constant depending on L and T only. Moreover, "^-almost surely, 

(21) </)_(£;^°'f'^) < Yimv{t,Pl'''P,E'^'''''^) < MEt''"'")- 

Here (P/'''^)to<t<T is the solution of the forward equation in ([T]) starting from p at time Iq. We em- 
phasize that the limit lim^ v{t, P/°'^, eI°'^''^) exists as the a.s. limit of a non-negative martingale. 

Proof. Let (0")n>i be a mollified approximation of (p^ as constructed in Example |2.9[ By Corol- 
lary |2]7j we can consider the value functions (f" = u'^" )n>i associated with the terminal conditions 
{4>"')n>i- Following the proof of Corollary I2.7[ we deduce from Propositions 12.41 and 12. 61 that, for any 
T' <T and any compact K C M'^, the functions (f ")„>i ai-e equicontinuous on [0, T'] x K x R. Let 
us denote by v a function constructed on [0, T) x M*^ x M as the limit of a subsequence (v'^^"^)n>i 
of {v^)n>i that converges locally uniformly. By ^ and ([Mi l, v is Lipschitz continuous w.r.t. {p, e), 
uniformly in t in compact subsets of [0, T): thus, (l20l) has a strong unique solution on [to, T) for any 
initial condition {tQ,p, e). By Cauchy criterion, the limit of e\'^''^'^ exists a.s. as t T: it is denoted 
by 

For any initial condition {tQ,p,e) G [0, T) x M"' x M and any integer n > 1, we also denote 
by y^".*o.P.e^ Z4"'*0'P'^)to<t<T the solution to © with (P"" as initial condition. Since 

{v'^^^'^)n>i converges towards v uniformly on compact subsets of [0, T) x M'^ x M, we deduce 
that, a.s., _). ]^jo,p,e uniformly in time t in compact subsets of [to,T). Since the pro- 

cess (yV'{n)^f^pto,P^;^An),to,p,e^ ^ ^^<^(n),io,p,e^^^^^^^ ^ l]-valued martingale for any n > 1, 

{v{t, Pf"'^, El°'^'^))tg<t<T is also a martingale as the a.s. limit of bounded martingales. The bound 
for the integrand in the martingale representation follows from (fT4l ). 

Applying (fTSl ) to each (f)^^'^\ n > 1, and letting e tend to therein, we understand that each i;'^^"), 
n > 1, satisfies (fTSl) as well. Letting n tend to +00, we deduce that v also satisfies (fTSl) . As a 
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consequence, for any family {pt, et)o<t<T converging towards {p, e) as t T, we have: 

4>-{e) < limini v{t,pt,et) < lim sup v{t,pt,et) < (p+ie), 
t/'T t /-T 

which implies ((iTI) . □ 
2.2. Uniqueness via Conservation Law. 

2.2.1. Key Lemmas. As in |[T1, the proof of uniqueness relies on two key ingredients: a comparison 
lemma for the solutions to (d), see Lemma 12.111 below, and a conservation lemma for the value 
functions of the mollified equation dS]), see Lemma [2.13l 

Lemma 2.11. Let cf)' be another non-decreasing terminal condition satisfying condition (|2]) and let 

{Pt, E[, Yl)t^^<t<,T> to € [0, T), be a solution of equation ([T]) satisfying 

in lieu of terminal condition. 

Let (w^^'"^)o<£<i,n>i be a family of classical solutions of ^ associated with a non-increasing 
sequence of mollified non-decreasing [0, l]-valued terminal conditions (x")n>i satisfying \ 4'+- 
(In particular, > 4>+-) V^P ^ 4>'> then 

(22) P|liminfliminf'Uj^'"(t,Pt,^;) > y/| = 1, t£ [to,T). 

n— >-+oo e— >-0 

Similarly, if{x^)n>i is ci non-decreasing sequence of mollified non-decreasing [0, l]-valued terminal 
conditions satisfying x" 4>- ^ 'P'' then hnisupn^_^_^limsup^^Q'w^'"{t,Pt,El) < Y"/, 
tG[to,T). 

Proof. We prove the first part only, the proof of the second part being similar. We apply Ito's 
formula to (F/'" = Pi,El + eBt))to<t<T where dPf = b{Pi)dt + a{Pi)dWt + edWl, with 

Pf^ = PtQ. Using the PDE (O satisfied by w'^''^, we obtain 

dYt''"" = [f{Pl,w''''{t,Pt',E't + eBt)) - f{PtX)]dew''''it,P!,Ei + eBt)dt 

(23) + {dpw''''{t, PI, E[ + eBt), a{P^)dWt + edW^) + e5eZ«"'"(t, Pf , E[ + eBt)dBt 
= [f{Pt^,Yr) - f{Pt,Y:)]deW^'^{t,Pl,Ei + eBt)dt + dMr, 

where {Ml'^)ta<t<T is a square-integrable martingale with respect to the filtration generated by 

{Wt)to<t<T, {Wl.)to<t<T and {Bt)to<t<T- Modifying {Mt'''\<t<T, we see that: 

d[Yr-Y^] = [f{P!,Yr) - f{PtX)]dew''"it,P!,E't + eBt)dt + dMr. 

We now apply Ito's formula with the function y i-> = {mm{y, 0))^. Recall that / is increasing 

in its second argument, that deW^'^ is non-negative and that both 1"^'" and Y' ai^e [0, 1] -valued. We 
obtain 

- Yl)-f > -2L sup \\deW^''^^\Pt' - Pt\dt + dMp"", to<t<T, 
£'e(o,i) 

for a new choice of {Ml'"')tQ<t<T- Letting e tend to and applying the second part in Proposition 
I2.4[ we deduce that, for any t G [to, T], a.s., 

limsup[(y/'" - y/)-]' < limsupE{ [{Y^'^ - F^)"] V*} = [(x"(£;^) - 1^^)"] V*} = 0. 
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The result easily follows. □ 

Remark 2.12. When (j) and (j)' are Lipschitz smooth functions, Lemma [2.1 1\ reads as a comparison 
principle for the value functions v'^ and v'^ given by Corollary \2. 71 Indeed, choosing t = to in (1221 ). 
we obtain liniinfjj— >-foo 

liiiie^o w^^'"(ioiPi e) > v'^'{to,p,e) provided (p > By Corollary 12. 71 we 
deduce lim„_j>+oo v^"^ {to,p, e) > v*^ {to,p, e). Following the proof of Proposition 12. 701 we know that 
the sequence (v^ )n>i uniformly continuous on compact subset of [0, T] and that any 

possible limit v provides a solution to ([T]) with (p as terminal condition. By the uniqueness part in 
Corollary \2.7\ v always matches v'f', so that v'^{tQ,p, e) > v'^ {to,P, e) when cj) > (/>'. 

In particular, when {x^)n>i ^ non-increasing (resp. non-decreasing) sequence of mollified 
terminal conditions as in the statement of Lemma \2.11\ the sequence of functions (f-^")n>i non- 
increasing (resp. non-decreasing) as well. In particular, it is convergent. As already explained, when 
(j) is a Lipschitz smooth function, the limit is exactly. When (j) is possibly discontinuous, (1221 ) yields: 
liinn-.+^ v^"{t,Pt,Ei) > Yl, t G [to,T). 

Lemma 2.13. Let us consider two sequences of mollified terminal conditions {Xi')n>i' i = I52, 
satisfying ^ such that {xf ~ 4')n>i converges towards in L^(M)/or i = 1,2. Let us also consider 
the associated families (tfi^''^)eg(o,i),n>i> ^ = 1>2, of solutions to the PDF ([7]), e standing for the 
viscosity parameter Then, for any {t,p) € [0, T) x M, 

/m. 
\wo'"'(t,p, e) — w'^'"'(t,p, e)l de = 0. 

/m 
w1'"{t,p, e)de. 
-rn 

By integration of the PDE ([T]), it satisfies the PDE 

dtWr'''{t,p) + {C, + ^92^) [Wr'""] it,p) + f [dewr{t,p, m) - d,wr{t,p, -m)] 
- F{p,w1'''{t,p,m)) + F{p,w1'''{t,p,-m)) =0, 

/•V 

•where F{p,v) = / f{p,r)dr. 
Jo 

In particular, we can give a probabilistic representation of Wi{t,p,e) in terms of the process 
{P^)t<s<T, solution of dP^ = h{Pf)ds + a{PI)dWs + edW^, = p: 

+ E y [9e<'"(s, P!,m) - ae<'"(s, P!, -m)] 

- [F{P!,wr{s,P!,m)) - F{P^,wr{s,P^,-m))]\ds 

Let us examine how j'^^^^^{2) behaves as e tends to 0, keeping in mind that, for every mollifying 
parameter n > 1, dewl'^ is bounded on the whole domain independently of e (see Proposition 12.41 ) 
and (w^'")o<£<i converges towards v^i , uniformly on compact sets, as e tends to (see Corollary 
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12.7b . By uniform integrability of the family {supt^<t<x l-f?l)o<e<i> we deduce that 

limi;™(2) =E r [F{Ps,v^"{s,Ps,-m)) - F{P,,v^^s,Ps,m))]ds. 
Jt 

By (fT9l ) and by dominated convergence, 

lim lim T^'"''"(2) = E / \F(Ps, 0) - 1)1 ds. 

In paiticular, the Umit of the difference T|'™'"(2) — j'^^'™'"(2) is zero (as e tends to first and then 
as m tends to +oo). Let us now consider T^'"^''^{1). Clearly, W^'^'^{T,p) = J^_^^x^{^)de is 
independent of p, so that the limit of the difference T|'™'"(1) — 7"^'"^'"(i) is 

Urn lim [r™(l)-T™(l)] = / (;,^-x?)(e)de. 

Note that X2 ~ Xi = (X2 ~ 4') ~ (Xi ~ 4) converges towards in L^(]R) as n tends to +00. □ 

2.2.2. End of the Proof of Uniqueness in Theorem \2.2\ By Example |2.9[ we know that {(f/L — )„>i 
and — (^_|_)„>i converge towards in L^(R); since = 0+ = almost everywhere for the 
Lebesgue measure on R, {(f)^ — (p)n>i and (0" — (/>)n>i converge towards in L^(M). Therefore, we 
can apply Lemma 1233] with (x" = (/''!)n>i and (x2 = 0+)n>i- Denoting by (t'^i'")ee{o,i),n>i the 
associated solutions with (xf = 0" )n>i, « = 1, 2, we obtain 

/■m 
rtL^o'^fiiP, e) — w'^{"'{t,p, e)l de = 0. 
-m 

By Corollai-yO 

{t,p, e) - u"^- (t , p, e)l de = 0. 

By Remark |2.12[ we have v'^+ > v^- , so that the integrand above is non-negative, that is, for any 

m > 1, 

/•m 

lim / \v'^+{t,p,e) -v'^-{t,p,e)\de = {). 



n— >+oo 



By Remark [2.121 we know that the sequences {v'^'-)n>i and {v'^+)n>i are pointwise convergent 
on [0,T) X M"^ X M. By Propositions 12.41 and 12.61 convergence is uniform on compact subsets of 
[0, T) X M'^ X M. Therefore, 

lim v^+it^p^e) = lim v*- {t,p,e), e) € [0, T) x M'^ x R. 

n— >+oo n— >+oo 

By construction, the limit matches v{t,p, e) in Proposition 12. 101 

Now, for any solution (Pj , E^,Y^)t^^t^x of equation ([T|l, we can apply Lemma |2. Ill with (x" = 
4>n)n>i- Passing to the hmit in (|22l), we obtain v{t, Pt, E[) < ¥( < v{t, Pt, E[), to < t < T,so that 
{E[)tQ<.t<,T satisfies (l20l ). Uniqueness easily follows. □ 

The following corollary will be useful in the sequel: 
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Corollary 2.14. Consider a sequence of non-decreasing Lipschitz smooth terminal conditions n>i 
converging pointiwse towards (j) as n tend to +00. Then, the functions (f'^")n>i converge towards v 
in Proposition 12. 10\ as n tends to +00, uniformly on compact subsets of [0, T) x M*^ x M. 

Proof. By Propositions 12.41 and 12.61 the functions (f'^")n>i are uniformly continuous on every 
compact subset of [0, T) x M'^ x M. Passing to the limit in ([TSl l. the limit w of any converging 
subsequence of {v'^")n>i satisfies Proposition 12. 101 with the right relaxed terminal condition, that is 
w = vhy uniqueness. □ 



3. DiRAC Mass at the Terminal Time 

From now on we restrict ourselves to the case = 1[a^+oo)' A G M, and we assume: 

(A.3) For any p € M*^, the function y ^ f{p, y) is differentiable with respect to y and there exists 
a G (0, 1] such that, for any y, y') G M'^ x M"' x M x M, we have 

\dyf{p, y) - dyfip', y')\ < L{\p' - pr + \y- y'r) . 

(A.4) The drift b and the matrix a are bounded by L. 

The main result of this section may be summarized as follows: (i) Under (A.3) and (A.4), there 
is a cone of initial conditions {to,p, e) for which the distribution of the random variable e!^'^''^ has 
a Dirac mass at the singular point A. Put differently, there is a non-zero event of scenarii for which 
the terminal conditions (/)_(£'^'^''^) and (p^{E!^'^'^) in the terminal condition (01 differ: this makes 
the relaxation of the terminal condition meaningful. The complete statement is given in Proposition 
13.41 (ii) When the diffusion matrix M'^ 9 p [cjcj^](p) is uniformly elliptic and the gradient 
9 p ^ dpf{p, 0) is uniformly continuous and uniformly away from zero, the Dirac mass exists 
for any initial condition {to,p,e) G [0,T) x M'^ x M. Moreover, the topological support of the 
conditional law of Y^'^'^ given e!^'^'^ = A is the entire [0, 1], that is, conditionally on the non- 
zero event e!^'^''^ = A, all the values between (/>_(A) = and <p+{A) = 1 may be observed in 
the relaxed terminal condition (HJl. In particular, the cj-algebra a{Y:p''^'^) is not included into the 
cr-algebra a{E!^'^'^): because of the degeneracy of the forward equation and of the singularity of 
the terminal condition, the standard Markovian structure breaks down at terminal time. We refer to 
Proposition 13. 7l for the complete statement. 

The strategy of the proof consists in a careful analysis of the trajectories of the process {Et)o<t<T- 
Precisely, we compare the trajectories of {Et)o<t<T with the characteristics of the non-viscous ver- 
sion of PDF i.e. of the first-order PDF dtu{t,p,e) — f{p,u{t,p,e))deu{t,p,e) = with 
u{T, p, e) = cl){e) as boundary condition. Because of the singularity of (j), the characteristics of 
the PDF merge at A at time T. This phenomenon is called a shock in the PDF literature. Here the 
shock acts as a trap for the trajectories of {Et)o<t<T enclosing a non-zero mass of the process into a 
cone narrowing towards A: because of the degeneracy of the forward process in ([T]), the noise may not 
be sufficient enough to let the process {Et)o<t<T escape from the trap. Here is the collateral effect of 
the simultaneity of the singularity of cf) and the degeneracy of {Et)o<t<T- 

3. 1. Change of Variable. For the sake of convenience, we switch from the degenerate component E 
of the forward process to a process E which has the same terminal value, hence leaving the terminal 
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condition of the backward process unchanged, and which will be easier to manipulate. Generalizing 
the linear transform of the example used in [H, we here introduce the modified process 

rT 



(24) 



K = a - E 



/(P„0)ds|7-t 



In some sense, Et gives an approximation of Et given J^t'- the dependence of / upon Y from time 
t onward is frozen at 0, that is Et is approximated by Et — f{Ps,0)ds and the conditional ex- 
pectation provides the best least squares approximation of the resulting frozen version of E^ at time 
t. (See Footnot^l) In particular, E^ = Ex- The coefficients of the dynamics of P being Lips- 
chitz continuous, the conditional expectation appearing in ((24l) is given by the deterministic function 
w : [0, T] X ^ M defined as the expectation 



(25) 



w{t,p) 



-E 



T 



/(Pi'p,o)d5 



-E 



T-t 



over the solution for the dynamics of P starting from p at time t (or from p at time by time homo- 
geneity). 

When the coefficients b, a and / are smooth (with bounded derivatives of any order), the function 
w is a. classical solution of the PDE: 



dtw{t,p) + ^Tva.ce[a{p)d^pw{t,p)] + {b{p),dpw{t,p)) - f{p,0) = 0, 



(26) 

with as terminal condition. (By (1251) . w is once continuously differentiable in time; by differentiating 
the flow associated with the process P w.r.t. the variable p, it is also twice continuously differentiable 
in space. Moreover, by the standai^d dynamic programming principle, w is a. viscosity solution to the 
PDE (l26l) . Therefore, it is a classical solution.) Consequently, for a given < to < T, {Et)ta<t<T is 
an Ito process with 

dEt = dEt + d[w{t,Pt)] 

= -[f{Pt,Yt) - f{Pt,0)]dt + {a~'{Pt)dpw{t,Pt),dWt), to<t<T, 

as dynamics. 



(27) 



In any case, the process {M^")tg<t<T defined by 
Ml°=w{t,Pt)- f f{Ps,0)ds 

■J to 

is a square integrable martingale on [toj?"]- By the martingale representation theorem, it can be 
dWs) for some M'^-valued square integrable adapted process 6 = {9t)to<t<T- Eq. 
shows that 6t = {Pt)dpw{t, Pt) when h, a and / are smooth (with bounded derivatives of any 
order). In the general case, we will still use the same notation {Pt)dpw{t, Pt) for the integrand 
appearing in the martingale representation of M*" as a stochastic integral with respect to W, even if 
the gradient doesn't exist as a ti"ue function. 

In particular, when the coefficients b,a,f satisfy (A.l), (A.2) and (A.3) only, Ito's formula (|27] ) 
holds as well as the expansion of d[Et + J^* f{Ps,0)ds + M^*"]. As already explained, we always 



-E 



fiPs,0)ds\Tt 



to 



written as J^* 



One might think that using {f{Ps,Yt))t<s<T would provide a better approximation of {f{Ps, Ys))t<s<T- We prefer 
the simpler version {f{Ps,0))t<s<T because it does not depend upon {Es)to<s<t- 
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write {a~^ {Pt)dpw{t, Pt))to<t<T for the integrand of the martingale part. Notice that, in any case, 
this integrand is bounded: 

Lemma 3.1. Under (A.1) and (A.2) only, there exists a constant C, depending on L and T only, such 
that 

(28) V(t,p,p') e [0,T) X M'^ X M^, \w{t,p') - w{t,p)\ < C{T - t)\p - p\. 

In particular, when it exists, the function dpw{t, •) is uniformly bounded from above by C{T — t). And, 
in any case, the representation term {a~^ {Pt)dpw{t, Pt))to<t<T i^ bounded by CL(T — t) provided a 
is bounded by L. 



Proof. The Lipschitz property (1281) follows from the definition (1251 ) of w, of the Lipschitz property 
of / and of the L'^(ri)-Lipschitz property of the flow associated with {Ps)to<t<T, <? > 1- Hence, 
when the coefficients are smooth, the integrand in the martingale representation is bounded, the bound 
depending on L and T only. By mollification, the bound remains true in the general case. □ 

Notation. From now on, v denotes the value function in Proposition 12.101 Moreover, we adopt the 
following convention. For {t,p,e) € [0,r) x R'^ x M, the notation e denotes e = e + w{t,p). In 
particular-, given {t,p, e) G [0, T) x M'^ x M, e is understood as e = e — w{t,p): quite often, we are 
given e first so that the value of e follows. 

3.2. Affine Feedbacli. We first consider the case 

(29) f{p,y) = fo{p) + iy, 

for a given £ G [ii,i2], fo being continuously differentiable. The need for the analysis of this partic- 



ular case comes from the specific choice (1241 ) of the approximation E of E. Let us set 

V'(e) = el[o,i](e) + l(i^+oo)(e), e G M, 

so that the function (t, e) G [0, T) x M ^ ip(^e/(T — t)) is the continuous solution of the inviscid 
Burgers' equation 

dtu{t, e) - u{t, e)deu{t, e) = 0, (t, e) G [0, T) x R, 

with u{T, ■) = l[o,+oo) as terminal condition. See [IJ or Lax lITTI . By a change of variable, the 
function e ^ ip{l~^{e — A)/(T — t)) satisfies the inviscid Burgers' equation 

dtu{t, e) - lu{t, e)deu{t, e) = 0, {t, e) G [0, T) x M, 

with u{T, •) = l[A,+oo) as terminal condition. The specific affine form (|29l ) of the feedback function 
/ implies that (1271 ) becomes: 

(30) dEt = -mdt + {a^ {Pt)dpw{t, Pt),dWt), t G [0, T). 

We have: 

Lemma 3.2. There exists a constant C, depending on L and T only, such that 

\v{^,p, e) - ^ U - *o)'^'' (*o,P, e) G [0, T) x M'^ x M. 
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Recall that e stands for e = e + w{to,p) = e — E fo{Ps°'^)ds. 
Proof. Since a similar bound was given in the proof of Proposition 4 in [IJ, we only give a sketch of 
the proof. 

First Step. We prove that there exists a constant c > 0, depending on L and T only, such that 

vito,p,e) > 1 -exp(-c ), e > A + £{T - to) + 6, 

(31) 

v{to,P,e) < exp{-cj^^——^), e < A - 6. 



For the proof of the first inequality in ( [3T] ) we notice that ( [30l ). with the obvious initial condition 

(P/»'^<»'^''^) = (p,e), implies 

rT 



Jto 

So, when e>A + e{T-to) + 6, 

l-v{to,p,e) < ¥{Et <A}< ¥!^l\a'^{Ps)dpw{s,Ps),dWs) < -S^ 

By the the bound we have for the integrand {a^ {Ps)dpw{s, Ps))to<s<T in the martingale represen- 
tation in Lemma [TTl the bracket of the stochastic integral above is less than C(T — to)^- By the 
exponential inequality for continuous martingales, we complete the proof of the first inequality in 
(OTI ). A similar argument gives the second inequality. 



Second Step. Next we prove: 

p — A rf"^ 

<^^^P^ ^) ^ i(T - to) " "^P(~ (r-to)V2 ) - - e- < A + ^(T - to) + i{T - tof'\ 

<*^'P' ^) ^ j^^) + ^^p(- (r- to)V2 ) + - ' e- > A - £(r - to)^/^ 

Again, we prove the first inequality only. Choosing £i = ^2 = ^ in the statement of Proposition 12.41 
we deduce that v{to, •, •) is l/[i{T — to)]-Lipschitz w.r.t. e, so that 

v{to,p, A + l{T- to) + 1{T - to)'/') - v{to,p, e) < j^^^ + 1 + (T - to)'/'- 

Using the first step to bound from below v{to,p, A + i{T — to) + i{T — to)'/') in a similar way, we 
complete the proof of the second step. 

Third Step. The proof is easily completed by using the second step when A — i{T — to)'/' < e < 
A + £{T- to) + e{T - to)'/' and the first step when e<A-£{T- to)^/^ or e > A + £(r - to) + 
i{T - to)'/'. □ 
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3.3. Comparison with Burgers' Equation: General Case. We now generalize Lemma [X2l to the 
case of feedback functions / of general form: 

Proposition 3.3. There exists a constant C and an exponent (3 € (0, 1), depending on a, L and T 
only, such that 

e-A 



V(to,P,e) € [0,r) X M'^ X 
'Of 



where i{to,p, e 



dy 



v{to,p,e) - ip 
p, Xv{to,p, e))d\. 



e{to,p,e)[T -to] 



< C{T - toY 



Note that by definition we have 

(32) v{to,p,e)£{to,p,e) = f{p,v{to,p,e)) - f{p,0). 

Proof. The proof is based on a comparison argument allowing us to piggy-back on the affine case 
studied above. Given an initial condition (to,p, e), we set £ = i{to,p,e) G [^1,^2]- For a small e > 0, 
we consider the regularized systems 

dPl = b{Pf)dt + a{Pf)dWt + edW[ 

(33) dEl = -f{Pl, Yf)dt + edBt, 

dYt' = {Zt,dWt) + (Zf , dWl) + TldBt, to<t<T, 



and 



(34) 



dif = b{Pt^)dt + a{Pt')dWt + edWl 

dEf = -lY^'^dt - f{Pl, 0)dt + edBt, 

dVf'^ = {Zf, dWt) + {Zf'', dWl) + TfdBt, to<t<T, 



with Yj, = 4>{Ej) and Y^'^ = (j){E^^) as terminal conditions, (p standing for a smooth non-decreasing 
function with values in [0, 1] (understood as an approximation of the Heaviside funtion 1[a,+oo))> 
as before, W and B being independent Brownian motions also independent of W. The associated 
value functions are denoted by i;^ and u^'^. (See (|7]l.) The function u^'^ satisfies the PDE 

[dtv''' + Cpv''' + ^Appi;^'^ + '^dlv'^'] {t,p, e) - [f{p, 0) + £v^'\t,p, e)] dev''\t,p, e) = 0, 

with (f) as terminal condition. Compute now d[v^'^{t, , Ef)]. Following (|23] ). we obtain 

d[v'''{t, Pf, ED] = [/(Pf , 0) - f{P!, y/) + Iv^'^t, P!,El)] dev''\t, , Et)dt + dmt, 

where we use the notation (mt)o<t<T for a generic martingale which can change from one formula 
to the next. Up to a modification of {mt)o<t<T, we deduce 

d[v'^'{t, P!, El) - y/] = [/(Pf , 0) - /(Pf , y/) + iv'^'{t, Pf , ED] d,v'^'{t, P!,EDdt + dmt, 

with as terminal condition at time T. This may also be written as 

d[v^'\t, pt,ED - y/] = i[v''\t, PI, ED - y/] dev'^\t, P!,EDdt 



+ 



dyf{PD\Yl)d\ 



Yfdev^'\t, Pf, EDdt + dmt. 
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0<t<T. Cleai-ly, 



ye 



E 



r - t ^yf^^t, >^Yf)dx) Yfdev'^'it, , Ef) exp (-1 f d,v'''{s, , El)d^ dt 
Jto \ Jo J \ Jto / . 



Therefore, 

\v'''\to,p,e) 



< E 



sup 

to<t<T 

T 



■Jto 



to 



sup 

to<t<T 



dyfiPl,XYf)dX 



and finally, 







\ sup 


[/' 


lto<t<T 


Jo 


we get 





s,P^,El)dsjdt 

1 - exp(^-^^ deV^^^is,P^,El)ds^ 
\dyf{P,', Ay/) - dyf{p, Xvito,p, e))\dX 



\{v'''-vn{to,p,e)\ <i-^E 



\{v''' - v')ito,p, e)\ < CE{ sup [\Pf-pr + \Yt' - F/J"] } + C\{v' - ^)(to,P, e^. 

to<t<T 

Following the proof of Lemma [2.1 1[ we let e tend first to 0. By Corollai'v l2.7[ converges towards 
v"^ and v^'^ converges towards u*^'^, convergences being uniform on compact subsets of [0, T] x M'^ x M 
and f and v'^''^ standing for the value functions associated with ( [33] ) and ( [34l ) when e = therein. 
By the gradient bound (fT4l) . the integrand in the martingale representation of {Yf)tg<t<T is bounded, 
independently of (p, so that the increments of (y/)to<t<T are well-controlled. We deduce that 



(35) 



\{v^'' - v'f'){to,p, e)| < C(T - to)"/2 + C\{v'f' - v){to,p, e)\' 



for a constant C depending on a, L and T only. As (j) converges towards the Heaviside function 
l[A.+oo) as in Section[2l we know from Corollary 12. 141 that v"^ converges towards v and v'^'^ towards 



V , where v is the value function associated with (1341 ) when e = 0, but with 1[a^+oo) as terminal 
condition. Applying Lemma [l!2] (with fo{p) = f{p, 0)) to estimate v^, we complete the proof. □ 

3.4. Proof of the Existence of a Dirac Mass. We claim 

Proposition 3.4. There exists a constant c G (0, 1), depending on a and L only, such that, ifT — tQ< 

CpeR'^ and (e - A)/{T - to) G [£i/4, 34/4], then: 



(36) 



¥{E 



■to,p,e 



A} > c. 



Remark 3.5. We emphasize that, in general. Proposition \3.4\ cannot be true for all starting point 
{tQ,p, e). Indeed, in the non-viscous case, i.e. when E doesn't depend upon P (or, equivalently, when 
f depends on Y only), the dynamics of E coincide with the dynamics of the characteristics of the 
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associated inviscid equation of conservation law. The typical example is the Burgers' equation: the 
characteristics satisfy the equation 

and consequently, 

' e-{t-to) when e - (r - to) > A, 



Et 



e when e < A, 

e - A 

e-- (t-to) when A < e < A + (T - to), 

T - to 



where (to, e) stands for the initial condition of the process {Et)to<t<T, i-^- Et^ = e. This corresponds 
to the following picture: 




Fig 1. Characteristics of the inviscid Burgers' equation. 

Clearly, the singular point A is hit when A<e<A + (T — to) only. In order for A to be hit starting 
from e outside the cone shown in the figure, noise must be plugged into the system, i.e. noise must be 
transmitted from the first to the second equation. This point is investigated in the next subsection. 

Proof of Proposition |3.4i Given an initial condition (to,p, e) G [0, T) x M'' x M for the process 
(P, E), we consider the stochastic differential equations 



^3^^ dEf = (-l{t,PuEt)^[r\t,PuEt)^—^]±C'{T-tf^ dt 

+ {a''{Pt)dpw{t,Pt),dWt), 



with E^^ = e as initial conditions, the constant C" being chosen later on. Notice that the process 
appearing in (. and above is E and not E^. From (l27l) and (l32l) it follows that 

dEt = -i{t,Pt,Et)vit,Pt,Et)dt + {a'^{Pt)dpwit,Pt),dWt), t G [to,r), 
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with 



\i{t, PuEtMt, Pt,Et) - i{t, Pt, Et)i;{r\t, PuEt) 



Et-A. 



<LC{T-tf, te[to,T), 



where C is given by Proposition 
one-dimensional SDEs, we deduce 



T-t 

We now choose C' = LC. By the comparison theorem for 



E7 <Et< Et 



t 5 



t G [io,T]. 



Next, we introduce the bridge equations 



(38) 



± 



A 



T-t 



± C'{T - tf dt + {a'^{Pt)dpw{t, Pt), dWt), 



7^ 



e. 



The solution is given by 



(39) Z^ = A+{T-t) 



A 



T-to 



to 



±C' {T-sf-^ds+ {T-sr\a''{Ps)dpw{s,Ps),dWs 



to 



so that Z^ — )• A as t — )• T. (The stochastic integral is well-defined up to time T by Lemma [3?T1 ) 

Now, we choose e such that (e-A) /{T-to) G [^i/4, 3^i/4] and to such that C f^{T-s)'^^^ds € 
[0, ^i/16], and we introduce the stopping time 



r = inf< t > to : 



(40) 

We obtain 



for any t G [to, t), so that 



/ iT-s)'\a^{Ps)dpw{s,Ps),dWs) 

Jta 

7li 



> 



16 



AT. 



h^Z 



A 



± 

_t 

T-t 



7± 



(41) 



A 



l{t,Pt,Et)ij 



-\t,PuEt)% 



A 



to < t < r, 



in other words, {Zf)tQ<t<.T and {Ef)tQ<t<T coincide. (Compare (|37] ) and (1381). ) We deduce that, on 
the event F = {t = T], 

zt = Et, tG[to,r]. 

Finally, by Markov inequality and Lemma [3?T1 the probability of the event F is strictly greater than 
zero for T-to small enough. This completes the proof. □ 

Remark 3.6. We emphasize that the boundedness ofb in Assumption (A. 4) plays a minor role in the 
proof of Proposition \3. 3\ Basically, it is used in (1351 ) only to bound the increments of the process P. 
When b is not bounded but at most of linear growth, the constant C in (1351 ) may depend on p: in the 
end, the right-hand side in Proposition \3.3\ has the form (7(1 + — to)'', C being independent of 

p. This affects the proof of Proposition \3.3\ in the following way: to adapt the proof to the case when b 
is at most of linear growth, the constant C' in (1371 ) and (1381 ) must be changed into C'{1 + \Pt\)- As a 
consequence, the term C + \Ps\){T — s)^~^ds in (|39l ) is small with large probability provided 
T — to < c, c being uniform w.r.t. the initial condition of the process P, namely Pt^ = p, in compact 
subsets o/M'^. Therefore, Proposition \3.3\ still holds when b is at most of linear growth provided the 
constant c therein is assumed to be uniform w.r.t. p in compact subsets only. 
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3.5. Dirac Mass in the Non-Degenerate Regime. We now discuss the attainability of the criticial 
area described in the statement of Proposition 13.41 when the initial point e does not belong to it. As 
noticed in Remark 1331 additional assumptions of non-degeneracy type are necessary to let the critical 
area be attainable with a non-zero probability. 

Proposition 3.7. In addition to (A.l), (A. 2), (A. 3) and (A. 4), let us assume that the noisy component 
of the forward process is uniformly elliptic in the sense that (up to a modification of L) 

(42) c7^(p)fj(p) > L-\ peW^. 

Furthermore, let us also assume that for any p G W^, \dpf{p, 0)| > L~^, and that p ^ dpf{p, 0) is 
uniformly continuous. Then, for any starting point {tQ,p, e) G [0, T) x M*^ x M, 

p|^to,P,e = A} > 

and the topological support of the conditional law ofYl^'"^'^ given E'r^'P'^ = A is [0, 1]. 

Proof. First Step. Positivity ofF{ET = A}. Since Et = Et, it is enough to prove that, for any 
starting point {to,p,e) G [0,T) x M"' x M of the process {t, Pt, Et)to<t<T, F{Et = A} > 0. (As 
usual, we omit below to specify the superscript {to,p, e) in (t, Pt, Et)tg<t<T-) 

By Proposition 13.41 it is enough to prove that there exists t close to T such that G [A + 
^i(r - t)/4,A + 3£i(r - t)/4] with a non-zero probability. Since the pair {P,E) is a Markov 
process, we can assume to itself to be close to T: we then aim at proving that, with a non-zero 
probability, the path {Et)to<t<(T+to)/2 hits the interval [A + ii{T - t)/4, A + 3ii{T - t)/4]. It 
is sufficient to prove that, with a non-zero probability, {Et)tQ<t<{T+to)/2 f^Hs at least once into the 
interval [A + ii{T - to)/4,A + 3ii{T - to)/8]. 

We first prove that the diffusion coefficient in (l27l) is away from zero on [to, (T + to)/2]. By 
uniform ellipticity of aa~^ , w is a classical solution to the PDE (l26l) . so that dpW exists as a true 
function. (See Chapter 8 in ifTOl .) Moreover, \dpw{t,p)\'^ is away from zero, uniformly in {t,p) G 
[to, (T + to)/2] X M.'^, when to is close enough to T. Indeed, going back to (l25l) . when the coefficients 
are smooth, dpw{t,p) is given by 

/■^ 

(43) dpMt,P) = -E 0), ie{l,...,d}, 

and when T—t is small, dpPs'^ is close to the identity (uniformly in p since the coefficients b and a are 
Lipschitz continuous) and dpf{Ps'^, 0) is close to dpf{p, 0) (uniformly in p since the coefficients b 
and a are bounded and dpf{-, 0) is uniformly continuous). Therefore, dp^w{t,p) is close to dpj'{p, 0), 
uniformly in p. Since the norm of dpf{p, 0) is away from zero, uniformly in p, we deduce that the 
same holds for dpw{t, p) when T — t is small, uniformly in p. By a mollification argument, the result 
remains true under the assumption of Proposition 13.71 

Therefore, {Et)tQ<t<(T+to) /2 process with a bounded drift and a (uniformly) non-zero 

diffusion coefficient: by Girsanov theorem and by change of time, the problem is equivalent to prov- 
ing that a Brownian motion falls, with a non-zero probability, into a given interval of non-zero length 
before a given positive time, which is obviously true. 
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Second Step. Support of the Conditional Law. We investigate the support of the conditional law of 
Yt given Et = A or equivalently of Yt given Et = A. The desired result is a consequence of the 
following two lemmas 

Lemma 3.8. Assume that 

(44) /(p,0)-/(p,y) + |^ = 0, 

for some {t, p, e) G [0, T) x M*^ x M and y € [e, 1 — e], e € (0, 1). Then, there exists 6i (e), independent 
of {t, p, e, y), such that T — t < 6i{e) implies v{t, p,e) G {y — e,y + e), with e = e — w{t, p). 

Lemma 3.9. For any e > 0, there exists (52(e) > 0, such that, for any y G [0, 1] and any {to,p, e) € 
[0, T) X M"' X M satisfying \v{to,p, e) — y\ < e and T — to < 52(e), it holds 

jp||y^O,P,e_y| ^ > 1/2. 

Here is the application of Lemmas 13.81 and [l!9] to the proof of Proposition 13.71 Given y,e € (0,1) 
such that (y — e, y+e) C (0, 1), we are now proving that P{y^"'^''^ G (y— e, y+e)} > for any initial 
condition {to,p, e). (Below, we do not specify the superscript {to,p, e).) By the Markov property, we 
can assume T — Iq < (5i (e/2) A ^2 (e/2) . It is then sufficient to prove that, with a non-zero probability, 
the stopping time 

r = inf {t G [to, T] : f{Pt, 0) - f{Pt,y) + = O} A T, 

is in [t,T). Indeed, by Lemma fTM t < T implies 1^,- — y| < e/2; by Lemma [3^ and the strong 
Markov property, this implies P{|lr - y| < e|J>} > 1/2, so that P{r < T} > imphes P{|yT - 
y| < e} > 0. 

To prove that t <T with a non-zero probability, we apply the following simple inequality 

0</(Pt,y)-/(Pt,0) <£2, tG[to,T]. 
Assume indeed that we can find two times ti < t2 G [^O) T) such that 

(45) Et^> K + i2T, and, Et^ < A. 
Then, 

> fiPt,,y) - /(Pt„0), and, < f{Pt,,y) - fiPt,,0). 

By continuity, there exists some t € (ti, t2) at which {Ef - A) /(T - t) = f{Pt, y) - f{Pt, 0). 

To prove (|45] ). we follow the same strategy as in the first step. The process {Et)ta<t<{T+to)/2 is an 
Ito process with a bounded drift and a uniformly non-zero diffusion coefficient: by Girsanov theorem 
and by a change of time, it is sufficient to prove that a Brownian motion starting from e at time 
satisfies (1451 ) with a non-zero probability on an interval of small length, which is obviously true. □ 

Proof of Lemma |3^ For any t G [toi 

Jto 
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By Theorem IZH <C,C depending on L and T only, so that E[|y/"'P'^ - ?;(to,P, e)p] < 

C(r - to)- In particular, 

Plly^^'P'^^-yl >24 <P{|y^°'P'^-t;(to,P,e)| >e} < ^(T-to)- 
Choosing T — Iq appropriately, we complete the proof. □ 

Proof of Lemma l3.81 In the proof, we denote v(t,p, e) by v and i{t,p, e) by £{v). By Proposition 
13.31 we know that 

m |„-*(_I__^)|<C(r-<)^ 

that is 

with F{z) = f{p,z) — f{p,0), by (l44l ). Multiplying by and observing that F{v) = i{v)v, we 
deduce, for a new value of C, 

(47) \F{v)-i{v)i;{^)\<C{T-tf. 

First Case: v > y. Since F is increasing and F{y),£{v) > 0, we notice that 

F{v) - £{v)i^{^) > F{v) - F{y) > 0, 

so that F{v) - F{y) < C{T - tf . Since dzF{z) > ii, this proves that v-y < Cq^{T - tf . 
Choosing T — t small enough, we deduce that Q < v — y < e. 



Second Case: v < y. From the inequality 

e-A F{y) 



> ih/i2)y > {h/i2)e, 



e{v){T-t) £{v) 
we deduce that (w.l.o.g. we can assume (^1/^2 )e < 1) 

Choosing T - t small enough, we deduce that ^[(e - A)/{i{v){T - t))] > 0. Similarly, from (l46l ). 
Again, for T — t small enough, we deduce that 
so that 

^ . e-A ^ e-A ^ 

^^£(t;)(r-t)'' l{v){T-t) e{v)' 
By (07]), we obtain < F{y) - F{v) < C{T - . We complete the proof as in the first case. □ 
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4. Absolute Continuity before Terminal Time T 

We have just shown that the paths of the process E coalesce at the singular point with a non-zero 
probability when ^ is driven by a binary terminal condition. We here investigate the dynamics 
before terminal time T, a first objective being to put in evidence the existence of a transition in the 
system at time T, a second and more refined one being to establish the smoothness properties of the 
marginal distribution of the process E before time T in the cone limited by the characteristics of the 
inviscid regime. A quite simple evidence of the transition at the terminal time T is the fact that the 
flow e ^ E^'P''^ loses its homeomorphic property at that time T. 

Proposition 4.1. Assume that (A.l^) are in force and that (f) = 1[a,+oo) '^^ Section\3\ Then, at any 
time t < T and for any p € M'^, the mapping M 9 e ^ ^O.P-e homeomorphism with probability 
1, and with non-zero probability, it is not a homeomorphism at time t = T. 

We chose as initial time for notation convenience only as it can clearly be shifted. 

Proof. The proof is a straightforward consequence of formula (ITOl ) for molUfied coefficients. In 
the limit, it says that 

(48) e-e'> E'^'^ - E'^'^' > (e - e') exp(-| £(T - sy'ds^ = {^t"\e - e'), 

for e > e'. In particular, the mapping M 9 e ^ ^*o,p,e continuous and increasing. □ 

4. 1 . Hormander Property. Proposition ^. 1 [ describes the transition regime in rather simplistic terms. 
We now refine the analysis by studying how the process E feels the noise coming from the diffusion 
process. It was proven in IH that the marginal laws of E have densities before time T when the 
diffusion process P is a Brownian motion and the transmission function / is linear in p and y. The 
proof used Bouleau-Hirsch's criterion for the Malliavin derivative of E. There, the crucial step was 
to prove that 

(49) -dp[f{p,u{t,p,e))]>0, 

in the specific case d = 1 and —fip^y) = p — y. Equation (|49l ) may be viewed as a non-degeneracy 
condition of Hormander type: if some noise is plugged into the process P and if P feels the noise 
itself, then the noise is transmitted to the process E, and E oscillates whenever P does. We refer to 
this condition as "a first-order Hormander structure". 

Given (l49l ). we may ask two questions: (i) what happens in the general case? (ii) what is the typical 
size of the noise transmitted from P to E close to time T? As we are about to show, addressing these 
questions is far from trivial and the answers we give below are only partial. 

In Proposition 14.71 we prove property (l49l) for some important cases, and in Proposition 14.61 we 
show that (l49l) can fail in other cases. When it does, the process E has pathological points inside 
the critical cone where either the noise is transmitted from P to E' in a singular way, or its marginal 
distribution is not absolutely continuous with respect to Lebesgue's measure. Here, "singular way" 
refers to a possible transmission of the noise from P to E through the second (or higher) order 
derivatives of f{p, u{t,p, e)), in other words, Hormander's condition is satisfied but because of Lie 
brackets of lengths greater than 2. 

We also show in Proposition 14.21 that the linear case is critical: in equation (l49l ). the transmission 
coefficient is non-zero, but so small when t approaches the terminal time T that the noise propagation 
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cannot be observed numerically: the typical fluctuations of E produced at the end of a time interval 
[t, t + e] are of order c(t)e^/^ with c{t) decaying exponentially fast as t tends to T. This suggests the 
presence of a phase transition in the linear case: below this critical case, the noise is either propagated 
on a scale smaller than e^^"^ (i.e. e^, /3 > 3/2) or not propagated at all. We hope to be able to come 
back to this question later. 

4.2. Criticality of the Constant Coefficient Case. In this subsection, we prove that the constant 
coefficient case is critical in the sense that the noise transmitted from the diffusion process P to 
the absolutely continuous process E is exponentially small as t approaches T. We show that this 
transmission is so small that the first-order Hormander structure becomes unstable and we can find a 
perturbation of the constant coefficients case for which (l49l ) fails. 

Proposition 4.2. Assume that the coefficients b and a are constant, det((7) being non-zero, and that f 
hasthefonn—f{p,y) = {a,p)—jy,forsome a € M.'^\{0} and -y > 0. Then, for any initial condition 

andt < T, the pair eI°'^'^) has an infinitely differentiable density. 

Moreover, there exists d > 1, depending on known parameters only, such that, for T — Iq < 1/c' 
andO<t-to< {T-to)/2, 

(50) {c'r' exp(-^^^)(t - tof < var{E'r'') < c' exp(--^^^^) (t - t,f , 

when {to,e) G {{t,e') G [0,T) x M : (e' - A)/(T - i) G [47/9,67/9]}, with e = e + w{to,p). 

Equation (|50l ) gives the typical size of the conditional fluctuations of the process E inside the 
critical cone: the power 3 in (t — to)^ is natural since E behaves as the integral of a diffusion process, 
but the coefficient in front of (t — to)^ is dramatically small when to is close to time T. In some sense, 
this says that the regime is nearly degenerate: inside the cone and close to time T, the trap formed by 
the characteristics of the first-order conservation law tames most of the randomness inherited from 
the diffusion process. In particular, the order of the variance at time (T — to)/2 is not (T — to)^ but 
is exponentially small in (T — to)- 

Proof. The proof is divided in several steps. First, we start with the following lemma 

Lemma 4.3. Under the assumption of Proposition \4~2\ the function v defined in Proposition 12. 10\ is 
infinitely differentiable on [0, T) X R'^ X R. Moreover, for a sequence of smooth terminal conditions 
{4>'^)n>i converging towards the Heaviside terminal condition 1[a,+oo)' ^f^^ sequences (3pf'^")„>i 
and {dev'^")n>i converge towards dpV and deV respectively, uniformly on compact subsets of[0, T) x 
X R. 

Proof. Recalling the definitions (|24l) of E and (|25]l of w, we see that = {T-t){a, {p + b{T- 

t)/2)) and dpw{t,p) = (T — t)a, so that (compare with (l27l) ) 

(51) dEt = -jYtdt + {T-t){a^a,dWt), t e [to,T]. 

Here, {Yt)tQ<t<T is a martingale with 1(a,+cx))(-^t) <Yt< 1[a,+oo)(-^t) as terminal value. There- 
fore, the value function v{tQ,p,e) = Y^°'^''^ may be understood as the value function of the BSDE 
dYf = {Zf, dWt), with 1(a,+oo)(-^t) < < 1[A,+oo)(^t) as terminal condition. That is, we expect 
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v{to,p, e) to coincide with v{tQ, e), the solution v of the PDE 

(52) dtv{t,e) + ^{T-t)'^\a'^a\'^d1gv{t,e)-'yv{t,e)dev{t,e) = 0, te[0,T), e e M, 
with v{T, e) = l[A,+oo)(e) as terminal condition, i.e. 

(53) v{ta,p,e)=v{tQ,e) = v{to,e + w{tQ,p)) = v{tQ,e + {T-to){a,{p + h{T-tQ)/2))). 

To prove ( [53] ) rigorously, we follow the strategy of the first section: we first consider the case when 
the terminal condition is smooth, given by some non-decreasing [0, 1] -valued smooth function (j) 
approximating the Heaviside function; in this case, the PDE (|52l ) admits a continuous solution on the 
whole [0, T] X M which is C^'^ on [0, T) x M (the proof is mutatis mutandis the proof given in HI): we 
denote it by v'*'. By Ito's formula, {v't'{t, Ep*"'^))to<t<T is a martingale with (/)(^^'*°'^) = (j){Ep^°'^) 
as terminal variable. (Here we use the same notation as in Corollary 12.71 ) Therefore, it coincides 
with (l^/'*'''^''^)tQ<j<T when e = e + w(to,p)- This gives the connection between v"^ and v'^, i.e. 
(|53] ) for a smooth terminal condition. By Corollary 12.141 v'^ converges towards v when converges 
towards 1[a,+oo)- Following the proof of Proposition 5 in lOQ, v'^, dev"^ and dl^v"^ converge towards 
V, deV and d~v respectively, v standing for the classical solution of (l52l ) on [0, T) x M satisfying 
v{t,e) — )■ l[A,+oo)(6) as t T for e 7^ A. Passing to the limit along the regularization of the 
terminal condition, we complete the proof of (1531 ). As a by-product, dgv'^ and dpv'^ converge towards 
deV and dpV respectively, uniformly on compact subsets of [0, T) xW^ x M. 

We emphasize that equation (l52l ) is uniformly elliptic on every [0, T — e] x M. Moreover, by 
Proposition 12.41 dgv is uniformly bounded on [0, T — e] x M so that the product v{t, e) x dev{t, e) 
can be understood as F{v{t, e), dev{t, e)) for a smooth function F with compact support. By Section 
3 in Crisan and Delarue in H, v is infinitely differentiable on [0,T) x M. By (1531 ). v is infinitely 
differentiable on [0, T) x M'^ x M. □ 

The second step of the proof of Proposition l4.2l provides two-sided bounds for dpv: 



Lemma 4.4. Under the assumption of Proposition \4~2\ there exists a constant C > 1, depending on 
L and T only, such that, for any 1 < i < d satisfying Ui ^ 0, 

C7-ip| inf - A| > C(T-to)| 

(54) 



< 1 - ^dp^v{tQ,p, e) < E 



Proof. When Eq. ([Hi is driven by a smooth terminal condition (p, dpv'^ satisfies the system of PDEs 
(compare with ([T5] ) and pay attention that dpv'^ is a vector) 

^^^^ dt[dpv'i']{t,p,e) + Cp[dpv'^]{t,p,e) + [{a,p) - jv{t,p,e)]de[dpv'^]{t,p,e) 

+ [a - ^dpv'''{t,p,e)]dev't'{t,p,e) = 0, 

with as terminal condition. Setting Ut = dpv'^{t, E'J°'^'^), we obtain by Ito's formula: 

(56) dUt = -[a- jUt] dev'^it, Ef''^P^')dt, 
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and the variation of the constant formula gives 



to 



to 



aE 

= 7~^Q<|^1 — E exp 
As a consequence, we obtain 
(57) a--fdpv'f'{to,p,e 



T 



to 



aE 



exp 



-ideV^{s,Pl'>^P,Ef^^'P'^)ds 



to 



Now the point is to pass to the limit in (1571 ) along a mollification of the Heaviside terminal condition 
by using the same approximation procedure as in the proof of Lemma 1431 Clearly, the bound ^ for 
deV is not sufficient to apply Dominated Convergence Theorem. At least, (two-sided) Fatou's Lemma 
yields the upper bound in (l54l ). 

To get the lower bound, we apply Proposition 15.21 below. Approximating the Heaviside function 
by a non-decreasing sequence of non-decreasing [0, l]-valued smooth functions ((^")n>i satisfying 
(/)"(e) = 1 for e > A, we deduce from ^ that v'^ = v'^" satisfies dev'^{t,p, e) < C{T - t^f for 
e - A > C{T - to), to < t < T, p G R'^, for some constant C > 1. Applying dsT]) and Proposition 
and modifying C if necessary. 



(58) 



1 - 7a-'5p,7;"(to,P, e) > C~'¥{ inf 



,to,P,e_^ > c(r-to)}. 



<i)",to ,p,e 



j^to,p,e yj^jfQj-jj^jy jj^ {jjjjg I jj^ compact subsets 



Following the proof of Proposition 12 . 1 Ol E\ 
of [to,r), a.s. as n ^ +oo. Actually, convergence is a.s. uniform on the whole [tQ,T], since 
'*°'P'7dt| < \a\ snVt,<t<T l^/"'^l+7- As = Ef ''""'P'^ +w{t, pI'^^P), we deduce that, 

a.s., {pf '*°'^'^)jo<t<T converges towards {El°'P''^)tQ<t<T uniformly on [to,T]. Therefore, we can 
pass to the limit in the above inequality. We obtain (l54l ) but without the absolute value in the infimum. 
Choosing the approximating sequence such that (/'"(e) = for e < A and repeating the 

argument, we obtain (1581 ) with Ef — A replaced by A — sf '^O'^'*^. Passing to the limit, we 

complete the proof. □ 

The third step of the proof of Proposition l4.2l provides a sharp estimate of dpv(to,p, e) for {t,p, e) in 
the critical cone in terms of the distance to the terminal time T. 

Proposition 4.5. There exists a constant c > 1, depending on known parameters only, such that, for 
T-to< l/cande = e + w{to,p) G [A + 3(r - to)7/8, A + 5(r - to)7/8], 

c 1 
c~^exp(- ^ _ < a~^[a - jdpv{to,p,e)]. < cexp(- ^^^ - to) ^' ^ - ^ - • ^ 0- 

Actually, the lower bound (i.e. the left-hand side inequality) holds for any (to, p, e) G [0,r)xM'^xM. 

Proof. Once more, we use E defined in (ISTI ). The initial condition of E is denoted by (to, e), that 
is Etg = e. It satisfies e = e + w{to,p), with Etg = e. 



(59) 
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Lower Bound. By Lemma l44l it is sufficient to bound the probability ^{va.^(J;^^J^T)/2<t<T \Et — A| > 
C{T -to)} from below. Clearly, 

P| inf \Et- K\> C(T -to)] 

^{to+T)/2<t<T ' 
> P{|%o+T)/2 - A| > (C + I + 1)(T - to)} 

X sup P{ sup \Et-E^t^+T)/2\<il: + l)iT-to)\iP,E)T+to=ip',e)} 

p'eK'*,e'eM {to+T)/2<t<T ^ 2 

= VTi X TX2- 

By (|5T| ) and by maximal inequality (IV.37. 12) in Rogers and Williams ifTTl . the conditional probability 
7r2 can be easily estimated: 

(60) 7r2>p| sup r {J-s){a^a,dW,) < (T - to)| > 1 - exp(- ^ ), 

l(io+T)/2<t<T y(to+T)/2 J C(_J-toJ 

for some constant c > 1 depending on known parameters only. 
Turning to vri and using standard Gaussian bounds, if e > A, 

lP{4,+T/2>A+(C+^ + l)(r-to)} 

(61) >ip|-7^-^ + (r-s)(aVdVF,)>(C + ^ + l)(r-to)| 

> P| y - dWs) > (C + 7 + l)(r - to)| > exp(--^^^^-^), 

for some constant c' > 1 depending on known parameters only. The case when e < A can be handled 
in a similar way. Using the left-hand side in (l54l) . we complete the proof of the lower bound. 
Upper Bound. Consider again E as in (ISTI ) with Et^ = e. Then 

d[7(T - t)Yt - Et] = 7(r - t){Zt,dWt) - (T - t){a^a,dWt), to<t<T, 

i.e. (7(T — t)Yt — Et)tQ<t<T is a martingale. In particular, 

7(r - tQ)v{tQ,p, e) = 7(r - tQ)v{to,p, e - w{tQ,p)) = e - E[^^°'^'''] . 

We then aim at bounding from below the derivative of v with respect to e (keep in mind that v is 
differentiable before T). By (|48] ). the Radon-Nykodym of the non-decreasing Lipschitz function 
e ^ E^^'"^'^ is a.s. less than 1. For (e - A)/(r - to) G (7/4, (37)/4), the bound e E^^"'^'^ 
cannot be achieved with probability 1. Indeed, by Proposition 13.41 (with li = ^2 = 7)> for (e — 
A)/(T — to) G (7/4, (37)74) and for T — to small enough (independently of p and e), we have 
^to,P,e = ^ on the set F = {suptQ<t<T I Jl{(^~^a, dBs)\ < 7/I6} (see also In particular, for 

(e - A)/(r - to) G (7/4, (87)74), the Radon-Nykodym derivative dgE!^'^'^ is zero on the set F. It 
follows that 

7(T - to)dev{to,p, e) > 1 - F(F^) = P(F), A + 7/4 < e < A + 87/4. 
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This proves that 

dev{to,p,e)> ^J:^\. . A + 7/4<e< A + 37/4. 
l{T - to) 

Using maximal inequality once more, there exists a constant c > 1 depending on known parameters 
only such that P(F) > 1 - exp(-l/[c(r - to])- We deduce that, for e G [A + (7/4)(r - to), A + 
(37/4)(r-to)], 

(62) dev{tQ,p,e) > — 



liT-to) 

Equation (l62l ) is crucial: it says that the gradient of v with respect to e is not integrable inside the 
critical cone. We can plug it into (l54l ). We obtain that, for any i G {1, . . . ,d} such that Oj 7^ 0, 

(63) l-jar^dpXto,P,e)<E 



exp j^^ -/dev{s, Ps,Es)ds^ '^{it,Et\,<t<TeC'^} 



with (Pto,^to) = {p,e) and where C = {(t,e) G [0,r) x M : (e - A)/{T - t) G [7/4,87/4]}. 
Indeed, inside the cone, the integral inside the exponential explodes so that the exponential vanishes. 
We deduce that, for any coordinate i G {1, . . . , d} for which Ui ^ 0, 

ar'[a-jdpv{to,p,e)].<¥{{t,Et)to<t<TeC^}. 

Choose now e deep in the middle of the critical cone, say e in the interval [A + (37/8)(T — Iq), 
A + (57/8)(r-to)]. Then, 

F{{t,Et)u,<t<T (^C^} <^^t e [to,T) : \Et-A-^{T-t)\ > J(T-t)}. 



Using the same notation as in the proof of Proposition I3.4[ we claim 

F{3t G [to, T):\Et-A-^{T-t)\>^iT-t)} 
(64) < e [to,T) ■.E+>A + ^(T - t)} + P{3t G [to,r) : < A + ^{T - t)} 

= TTs + 7r4. 

We now use Z^. Until E+ reaches A + (37/4)(r - t), it holds E+ < Z+. Indeed, the drift of the 
process is then greater than the drift of the process E. Therefore, by (l39l ) and by the relationship 

dpw{s, •) = (T — s)a, 

vrs < P{3t G [to,r) : Z+ > A + ^(T - t)} 

= P{3t G [to, T) : C [\t - sf-'ds + {a'' a, Wt - Wt,) > ^ - ;^^}. 

Jto 4 i - to 

Since (e - A) /(T - to) < 67/8, we get 

vrg < P{3t G [to,T) : C [\t - sf-^ds + (a^a, ^ -Wt,)>l]. 
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We deduce that there exists a constant c' > 1, depending on known parameters only, such that, for 

T-to< l/c', 

(65) F{3t G [to,T) : ^+ > A + ^(T - t)] < exp(--^^^l^) . 

Handling the second term in (l64l ) in a similar way, we get, for (to, e) £ C, 

-l[9v/dpi]{to,p,e)]^ < 2exp(--j^^;^-^), i = 1, . . . ,d : at ^ 0. 

This completes the proof. □ 

We are now ready to complete the proof of Proposition 14.21 The existence of an infinitely differ- 
entiable density for the pair {Pt, Et), t < T, follows directly from Hormander Theorem applied to 
the parabolic adjoint operator dt — {Cp — f{p, v{t,p, e))de)*, with Cp as in ([8]), see Theorem 1.1 in 
Hormander 13 with Xq = dt + bdp — f{p,v{t,p,e))de therein. See also Delarue and Menozzi HI 
for a specific application of Hormander Theorem to the current setting. 

To estimate the conditional variance of Et, we compute the Malliavin derivative of Et, to < t < T. 
(Below, the initial condition is {Ptf^,Etf^) = (p, e).) For any coordinate i G {l,...,d} and any 
to<s<t <T, 

dDlEt = [{a - -fdpv{t, Pt, Et), DiPt) - ^dev{t, Pt, Et)DiEt]dt, 
with DiEs = 0, by Theorem 2.2.1 in Nualart IHl. We deduce 



(66) 



that is 



DiEt = {a--idpv{r,Pr,Er),DiPr)e^v{- jdev{u, Pu, Eu)du^dr 
= {a - dpv{r,Pr,Er),a.^i)exp^- J -^dev{u,Pu,Eu)du^dr, 

DsEt = a^ [a--fdpv{r,Pr,Er)]exp^- j -^dev{u, Pu, Eu)du^dr. 



By Proposition 14.51 there exists a bounded R -valued process {Ot)to<t<T, with positive coordinates, 
such that 

[{a^)-^DsEt]. = ai {9r)iexjp(^- jdev{u,Pu,Eu)du^dr. 



(By Bouleau and Hirsch criterion (see Theorem 2.1.3 in 11141 ). we recover that the distribution of Et 
is absolutely continuous with respect to the Lebesgue measure. Obviously, this is already known by 
Hormander Theorem.) Moreover, we can write 



E[{a'^) ^DsEt\J^s] = ^ E a*drexp(^- jdev{u, Pu, Eu)dv}j\J's 



dr. 



where q * 6*^ is understood as {ai{9r)i)i<i<d- We then follow the proof of the lower bound in 
Proposition 14.51 Setting 0* = infi<j<^ infs<r<( and using the lower bound explicitiy, we 
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deduce 



|E[(c7T) 'DsEt\Fs\\> |a|E 



(67) 



9* exp(^- j 'ydev{u,Pu,Eu)dii^dr\Ts 



Since dev{u,-,-) € [0,j-^{T-uy^], we can modify c so that 

(68) \K[{a^y'DsEt\Ts] |' > Vl' exp(-c/(T - - sf, 
for to < -5 < t < (T + to)/2. Since fj is invertible, we deduce that 

\E[DsEt\Ts] f > c-V|2exp(-c/(r - t)){t - s)^ 

Therefore, 

(69) E[\E[DsEt\J='s]fds>c~^\a\'^exp{-c/{T-t)){t-tof, < t - to < ~ ^° . 

We now seek an upper bound for |E[Z)s-£'t|-^s]P when (to, e) belongs to the critical cone C" = 
{(t,e') G [0,r) X M : (e' - A)/{T - t) G [47/9,57/9]}. Assume that {s,Es) € C = {(t,e') G 
[0, T) X M : (e' - A)/(r - t) G [87/8, 67/8]}. Then, following the proof of we can find 

c'2 > I such that, for T — s < l/cg, 

(70) P{3r G [s,t] : (r,^,) G C^.} < c'2exp(-^-i -), 

C2(J Sj 

with C as in (|63] ). Using the upper bound in Proposition 14.51 and assuming T — s < l/c'2 (modifying 
c'2 if necessary), we deduce (by reversing the inequality in (|67] )) 

|E[(c7*)-'D,Et|J-,]|' <c'2exp(-— i -)(t-s)2lc,(s,^,) + 4(t-s)2l^,c(s,^,). 



Taking the expectation and applying a similar bound to (iTOll . we deduce 

E[\E[{a*)-^D,Et\T,] < 4 exp(- ^ ^ )(t - + ^ exp(- ^ ^ )(t - s)^, 

C2{1 - Sj C2(J - toj 

whenever (to,e) G C" = {(t,e) G [0,r) x M : (e- A)/(T-t) G [47/9,57/9]} and T- to < l/c'g. 
In such a case, 

(71) rE[|E[(fT*)-'D,i?t|J-,] \^]ds < 4exp(- ^ ^ )(t - to)3. 

J to C2(i - to J 

By Clark-Ocone formula, we deduce from (l69l) and (T/T]) that 

(4)-'exp(-^^)(t-to)3< var(i?l-^'^) <c'2exp(--^^J-^)(t-to)^ 
when to < t < (T + to) /2 and (to, e) G C". □ 
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4.3. Enlightening Example. We provide an example showing that the structure of the diffusion 
process {Pt)t>o can affect the validity of condition (l49l ) in the sense that (l49l ) can fail and 



at some point. This doesn't mean that the hypoelliptic property fails since the noise may be transmit- 
ted from the first to the second equation through higher order derivatives. However, this suggests that 
a transition exists in the regime of the pair process (P, E). Actually, we believe that some noise is 
indeed transmitted from the first to the second equation since the solution v to the PDE is shown to 
be smooth inside [0, T) x M x M despite the degeneracy property ( 1721 ). For this reason, the example 
is quite striking since there is some degeneracy, but some smoothing as well. 

The idea is to go back to the setting of Proposition 14.21 when d = 1 and to assume therein that the 
drift has the form b{p) = b + Xp for some A G M. As noticed above, condition (l49l ) is fulfilled when 
A = 0, but the noise transmitted to the process E is exponentially small with respect to the distance 
to the singularity. 

Proposition 4.6. Assume that d = 1, h{p) = b + Xp, p £ Mfor some A € M, cr is equal to a strictly 
positive constant, and that —f{p, y) = ap — jy, y € M, for some a, 7 > 0. Then, v is infinitely 
dijferentiable on [0, T) x M x M. 

Moreover, if X < 0, then for any starting point {tQ,p, e) G [0, T) x M x M the pair (P/"'^, eI^'^'"") 
has an infinitely dijferentiable density at all time t G [to, T). And, there exists c' > 1, depending on 
known parameters only, such that, for T — to ^ 1/c' and < t — to ^ [T — to) /2, 



when (to,e) gC" = {(t,e') G [0,r) xM: (e'- A)/(r-t) G [47/9,57/9]}, e = e + w{tQ,p). 

Finally, if X > 0, then for any (to,p) G [0,T) x M such that T — tQ < 1/c', for some constant c' 
depending on known parameters only, there exists e G M such that a — dpv{tQ,p, e) = 0. 

The reader should compare (1731 ) with (l50l ): clearly, the value A = appears as a critical threshold. 
Notice that c' depends on A in (1731 ). We also notice that the coefficient b doesn't satisfy Assumption 
(A.4) since it is not bounded. Anyhow, we know that the Dirac mass exists by Remark 1331 Actually, 
we know a little bit more: as emphasized in Remark 1331 the assumption ||6||oo < +00 in Proposition 
I3.4l is required to bound the increments of the process P in the proof of Proposition l331 in the current 
framework. Proposition 13. 3l is useless since Lemma lJ!2l applies directly. (We let the reader check that 
only the boundedness of a is used in the proof of Lemma ll!2l ) Therefore, the original version of 
Proposition I3.4l is still valid in the current framework. 

Proof. We first prove that v is infinitely differentiable on [0, T) x M x M. To do so, we compute 



(72) 



dp[f{p,v{t,p,e 



))]=o 



(73) 



{c'y\T - to)\t - tof < var (P*"'^'^) < c'{T - tof{t - tof 




to 



that is 



Therefore, 



w{to,p) 



E[Pl^'P] = exp[Xit-to)][p+j]-j. 
a / E[Pi'''P]ds = a exp[A(s - to)] [p + -] ds 



Jto Jto 
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dpw{tQ,p) = a I exp[A(s - tQ)]ds = - [exp[A(r - to)] - l] • 



This shows that E has autonomous dynamics, i.e. 

dEt = -jYtdt + ^ [exp[A(r - t)] - 1] dWt. 



The infinite differentiability of v is then proven as in Lemma 1431 

Next, we use (fTSl) and we follow (1551 ) and (l56l ). Again with Ut = dpv{t, Pt, Et), we write 

dUt = - [a - ^Ut] dev{t, Pt, Et)dt - XUtdt, 0<t<T. 

The additional A here comes from dph{p) = A in (fTSl ). The above expression also holds for a smooth 
terminal condition (j). In such a case, dpv'^{T, •, •) = 0. By vaiiation of the constant, we obtain 



aX(to,P,e) = aE 



/ dev'^it, exp ( / [A - jdev'^is, Pi°'P, Ef°'P'^)] ds) dt 

Jto \Jto ) 



when the terminal condition is smooth. By integration by parts, we deduce 



1 -exp(A(r-to))E 



exp —7 



deV^{s,Pj'>'P,Ef'''P'^)ds 



to 



+ A7~^aE 



/ exp ( / [A - jdeV^is, Pl^^P, S^-.io.P.e^j ^\ 
Jto \Jto J 



Finally, for a smooth boundary condition (j), we obtain the analogue of (|57] ): 



(74) 



[A - jdeV^is, ds] dt 



AaE 



exp 



As in the proof of the lower bound in Lemma |4!4l we aim at passing to the limit in the above expres- 
sion along a mollification of the Heaviside terminal condition. Applying Dominated Convergence 
Theorem to the second term in the right-hand side and handling the first term as in the proof of 
Lemma [44] we can find a constant c > 1 depending on known parameters only (and possibly on A) 
such that (below, the initial condition is {Pto, Et^) = {p, e)) 



a — ^dpv{to,p, e) > c exp(A(T — to)) exp(— c/ (T — to)) 



(75) 



AaE 



/ expf [ [X-jdev{s,Ps,Es)]ds)dt 
Jto \Jto / . 
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Therefore, for A < 0, absolute continuity follows as in the proof of Proposition 14.21 (with DgPt 
o"exp(A(t — s)) in (l66l)). Moreover, we can specify the size of the transmission coefficient: 



a - -fdpv{to,p,e) > c ^aexp{X{T - to)) exp(-c/(r - to)) 
(76) -Aaexp(A(r-to)) [ exp(ln[(r - t)/(r - to)]) 

J to 



T 

]dt 

to 

(y. c 1 

-exp(A(r-to)) exp(- ^ _ - -Aa exp(A(r - to)) (T - to)- 



The drift A makes the coefficient much larger than in the critical case when A = 0. In particular, we 
can compute the Malliavin derivative as in (l66l ). With DgPt = cr exp(A(t — s)), we follow (l66l) 
and write, for T - t > (T - to) /2 and to < s < t: 



exp^-^ '~ldev{u,Pu,Eu)du^dr\Ts 



c 



^ {T-t){t 



Therefore, there exists c > 1 such that, for T - t > (T - to)/2, 
(78) var (i?^^'^) > c-\T - to)\t - tof . 

The bound is shown to be sharp for (to, e) € C" = {(t, e') G [0, T) x R : (e' - A)/(r - t) G 
[47/9, 57/9]} and T — to small enough by the same argument as in Proposition 14.21 In the critical 
area, the first term in the right-hand side in (1741) is exponentially small; the second one is always less 
than |A|a(T — to). The end of the proof is an in (177] ). 

Finally, we consider the case A > 0. Again, we can repeat the proof of the upper bound in Lemma 
14.41 Passing to the limit in (1741 ) and applying (two-sided) Fatou's Lemma, there exists a constant 
c > 1 such that that, for (to, e) € C" and T — to small enough, 

a - -fdpv{to,p,e) < caexp{X{T - to)) exp(-c"V(r - ^o)) - ^Aaexp(A(T - to))(r - to). 

Clearly, this says that, for e in C" and T — to small enough, the transmission coefficient is negative! 

Now, for e away from the critical cone, we know from Proposition 15.21 below that deV doesn't 
explode and tends to as t tends to T. In particular, we let the reader check from (1741 ) that, for e away 
from the critical cone, 

a - -fdpv{to,p, e) > c"^ - c{T - to). 

As above, the proof consists in localizing the trajectories of the process E and in taking advantage of 
the specific shape of dpW. Obviously, c is independent of p and e provided that e is far enough from 
the critical cone. In particular, the transmission coefficient is positive for e away from the critical 
cone and T — to small enough: by continuity of dpV, it has a zero! □ 



4.4. Sufficient Condition for Hypoellipticity in Dimension 1. We provide a one-dimensional non- 
linear example for which the first-order hypoelliptic condition holds and the conditional variance of 
the process E is bounded from below. 
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Proposition 4.7. Assume that d = 1 and that f has the form f{p, y) = —fo{fJ.p — y), for some real 
/i > and some continuously differentiable function /o : M — )■ M satisfying ii < /q < H.2 with 
li, H.2 cmd L as in (A. 1-2). Assume also that h and a satisfy (A. 1-2) w.rt. L and are continuously 
differentiable with Holder continuous derivatives, that dpb{p) < Oforp £ M, and that a is bounded 
by L and satisfies infpgigcj(p) > > 0. Then, for any initial condition {tQ,p,e), the process 

(£'J"'^''^)t,j<j<r has absolutely continuous marginal distributions. Moreover, if there exists a constant 
A € (0, L] such that dpb{p) < —Xfor any p G M, titen, there exists a constant c > 1, depending on 
known parameters only (but not on to), such that, for any to < i < [T + to)/2. 



The role of the assumption d = 1 is twofold. First, it permits to specify the form of /. Second, the 
proof relies on a variation of the strong maximum principle for the PDE satisfied by dpV, and, in higher 
dimension, dpV satisfies a system of partial differential equations for which a maximum principle of 
this type is more problematic. From an intuitive point of view, the restriction to the one-dimensional 
setting is not satisfactory: additional noise in the dynamics for P should favor non-degeneracy of the 
dynamics of E, so that increasing the dimension should help and not be a hindrance. We leave this 
question to further investigations. 

We also emphasize that we say nothing about the existence of a density to the pair process. The 
reason is rather technical: we know very little about the smoothness of the value function v so that 
standard hypoellipticity arguments fail. In Delarue and Menozzi [8], the existence of a density for the 
pair is investigated under conditions (that is much less than standard hypoellipticity conditions), 
but here we are unable to check these conditions. When investigating the process E separately, we 
avoid the smoothness conditions by using the Bouleau and Hirsch criterion, which is very simple to 
check. In order to apply the Bouleau and Hirsch criterion to the pair process, it would be necessary 
to check the invertibility of the corresponding Malliavin matrix: it seems that extra smoothness is 
needed in order to be able to do it. 

Proof. First Step. Since nothing is known about the smoothness of v, we start with the case when the 
terminal condition v'^(T,p, e) = (p{e) is a smooth non-decreasing function with values in [0, 1]. The 
point is then to prove an estimate for the transmission coefficient dp[f{p, v'^{t,p, e))], independently 
of the smoothness of (p. It is shown in Proposition 15.11 below that v'^' is continuously differentiable 
when (p is smooth and that, with (P, E*,Y'f') = (P*0'P, £;<^.*o,P,e^ y^.tcp.e) ^nd 



var {El'^P^')>c~\T-t)\t-tof. 




it holds 
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that is 

dpv'^{to,p,e) 



to 



expl / dpb{Ps)ds 



to 



X dyfiPt, Y,^)devHt, Pt, Y,^) expQ* -dyfiPs,Ys^)deV^{s, Ps,Ef)ds^ dt 

by the specific form of /: [dpf /dyf] {p, e) = —fi. As in the linear counter-example, we then make an 
integration by parts. We obtain 

1 - n"^dpv'*'{tQ,p,e) 
rT 



(79) 



exp^ dpbiPs)dsj exp(^- J^^ dyfiPs,Yf)dev'^{s,Ps,Ef)ds 

dpb{Pt) exp ( f [dpb{Ps) - dyf{Ps,Yf)deV^{s, Ps,Ef)] ds ) dt 



Second Step. When dpb{Ps) < —A, we can follow (r74l)-(r76l) and then obtain (still in the smooth 
setting): 



l-/i-i5X(to,P,e) > Aexp[-L(r-io)] / e^p{LHn[{T - t)/{T - to)])dt 

Jto 

> A(l2 + (T - to) exp [-L(r - to)] • 



(80) 



We wish we could pass to the limit in (1801 ) along a mollification of the terminal condition. Obvi- 
ously, we can't since dpV is not known to exist in the singular setting. Nevertheless, (l80l ) says that the 
function 3 p ^ p — fi~^v{t,p, e) is increasing (in the singular setting), the monotonicity constant 
being greater than A(L^ + l)~^(r — to) exp[— L(T — to)]. Below, we will consider the singular- setting 
only and (l80l) will be understood as a lower bound on the Lipschitz constant of v. 

By Theorem 2.2. 1 in Nualart fT4ll . P is known to be differentiable in the Malliavin sense and 



(81) DsPt = a{Ps)e^p( [ dpb{Pr)dr + [ dpa{Pr)dWr - (1/2) [ [dpa{Pr)fdr 

\J s J s J s 

(Here and below, {P^ , Eiq) = {p, e).) By Proposition 1.2.3 and Theorem 2.2.1 in llT4l . we can also 
compute the Malliavin derivative of E despite the lack of differentiability of v. Following (l66l) . 



DgEt = [iJ,-dpv{r,Pr,Er)]dyf{Pr,Yr)DsPre:sip(^-J^ dyf{Pu,Yu)dev{u,Pu,Eu)du^dr. 

Here, {dpv{r, Pr, Er))to<r<T and {dev{r, Pr, Er))to<r<T stand for progressively-measurable pro- 
cesses that coincide with the true derivatives whenever they exist and are continuous. Following 
the proof of Proposition 1.2.3 in |[T4l . processes {dpv{r, Pr, Er))ta<r<T and {dev{r, Pr, Er))to<r<T 
are constructed by approximating u by a standard convolution argument: by the bounds we have 
on the Lipschitz and monotonicity constants of v with respect to p and e, we deduce that the process 
{^—dpv{r, Pr, -E'r))to<r<r is bounded and greater than (/xA(L^+l)~^(T— r) exp[— L(T— r)])jp<r<T 
and that the process (9ef(r, P^, -Sr))t()<r<r is non-negative and less than {L{T—r)~^)tQ<r<T- There- 
fore, Bouleau and Hirsch criterion applies as in (l66l) . From (l80l ). (ISTI ) and the identity above, we 
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deduce, as in ((TT 



\E[DsEt\Ts] I > c-HT - to) f\^rz^f'dr 



to<t< 



T + to 



the constant c > 1 being here a positive constant depending on known parameters only, and not on 
to- We then complete the lower bound for the variance by Clark-Ocone formula. 

Third Step. We now consider the case when dpb{Ps) < only. We then approximate the Heaviside 
terminal condition by a sequence ((/>'^)„>i of smooth terminal conditions. Since the lower bound in 
dSOl ) fails for any n > 1, the point is to consider the first term only in the right-hand side in (1791 ) and to 
bound it from below. Assuming that i?!)"(e) = 1 for e > A, we recover ( |58l ). but under the probability 
Q. Passing to the limit, we deduce the analogue of the left-hand side in (l54l) : 



(82) limM[l-ij-^dp^v''{to,p,e)]>C-'q{ inf [^^ - A] > C(r - to)}, 



with = v"^". (Above, Et = Et + w{t,Pt), with {Ptg,EtJ = {p,e).) In the right-hand side 
above, we can switch back from Q to P since ¥{A) < C(Q(A))i/2, A e for some C > 0. It 
then remains to bound from below P{inf(iy_|_j'-)/2<t<T[-^t — A] > C(T — to)}- We then follow ( [59l ). 
replacing jE" — A| therein by £" — A. 

The estimate of 7r2 in (l60l) is then similar. (The bound of dpW is kept preserved even if (A.4) may 
not be satisfied: go back to the statement of Lemma l3.1l ) To estimate vri (without the absolute value), 
it is sufficient to bound from below 



jy^ a{Ps)dpw{s,Ps)dWs > (c + - + i)(r-to)| 



when e > A. As in the proof of Proposition 13. 7[ we can prove that dpW is bounded from below. 
Indeed, by (l43l) . we know that dpW has the form 



dpw(t,p) = fjM 



ai^Pl'^^P's^ds 



Since we are in dimension 1, 



dpPl^P = exp(^^ dpb{Pr)dr + dpa{Pr)dWr - ^ [dpa{Pr 



)fdr 



so that 



(83) dpw{t,p) > fiL-^E'^ 



ex^pfj^ dpb{Pr)dr\ds 



> fiL-^exp{-LT){T -t) 
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To bound vr^, we can proceed as follows. Setting {6t 
constants c, C" > 1 such that, for any a > 0, 



a{Pt)dpw{t, Pt))to<t<T, we can find some 



1 = E 



exp a 



to 



sdWs - y 



(T+io)/2 



eids 



to 



< exp{-c-^a^{T -toy)E 

< exp(- 

+ exp 



exp I a 



(T+to)/2 



to 



c-^a\T - tof) exp{a[C + (L/2) + 1](T - to)) 



-c a (T 



exp 2a 



{T+to)/2 



to 



.1/2 



K) 



1/2 



a/2 



< exp(-c-2a2(r - tof) exp(a[C7 + (L/2) + l](r - to)) + exp(C7V(T - tof) 

Obviously, c and C' are independent of to and p. Choosing a(T — to)^ large enough, we can make the 
first term in the above right-hand side as small as desired. We deduce that vr^ > exp(— C"(r — to)~^), 
for some C" > 0. We recover (|6TI). From (l82l). we deduce that lim m.ir,^+^[l — ^~^dj,v'^itn.p. e)] > 
(C")~^exp(-C"(r-to)"^) whene = e+w{to,p) > A (modifying C" if necessary). Since w (to, •) 
is continuous and increasing, the set /+ = {p G M : e + w{t,p) > A} is an interval: passing to the 
limit, we deduce that the function /+ 3 p ^ p — p.~^v{to,p, e) is increasing, the monotonicity 
constant being greater than (C")~^ exp(— C"(T — to)~^)- Choosing the approximating sequence 
{(j)"')n>i such that </)"(e) = for e < A and repeating the argument, we obtain a similar bound on the 
set /_ = {p G M : e + w{t,p) < A}. Absolute continuity of the density of Et, t < T, then follows 
by Bouleau and Hu^sch criterion again. □ 

5. Appendix 

5.1. Smoothness of v for a Smooth Terminal Condition. 

Proposition 5.1. Assume that, in addition to (A.l), (A.2), the coefficients b and a are continuously 
differentiable with Holder continuous derivatives, that the function f is continuously differentiable 
w.rt. p and y and that aa~^ is uniformly non-degenerate as in (1421 ). Assume also that the terminal 
condition (j) is smooth. Then, the function v'^ is continuously differentiable with respect to p and e on 
[0, T) X M'^ X R. 

Moreover, if d= 1, then 

cT 



dpv'^{to,p,e) 



'to,P v4',to,p,e-^ 



■Jto 

exp (j^ [-dyf{Pl°^P, y/'*'''P'^)aet;(s, Pj^'P, '*0'P'<^) + d.ph{Pl°^P)] ds^ dt 



with 



expi / dpa{Pl^'P)dWs -I r [drMP!'^n]''ds ) . 



to 



to 



Proof. First Step: Continuous Differentiability of v'^. When the coefficients h, a, f and cj) are 
smooth with bounded derivatives of any order, we know from Lemma 3.5 in lH (and by the bound 
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do])) that v'^ in ©-([T]) is infinitely differentiable w.r.t. {p, e) on (0, T) x M'^ x M with time-space 
continuous derivatives of any order. Differentiating Eq. (O, we obtain 



(84) 



2 2 

dt [dev'] {t,p, e) + Cp [dev'] {t,p, e) + ^-dlp [dev'] {t,p, e) + ^dl [dev'] {t,p, e) 



- f{p,v^{t,p,e))de[dev'']{t,p,e) - dyf{p,v^{t,p,e))[dev''] {t,p,e) = 0, 
with deV^{T,p, e) = <^'(e) as terminal condition. By Ito's formula, 



deV%to,p,e) = E 



Jto 



with the same notation as in Following the approximation argument in Corollary 12.71 the above 
expression holds true under the assumption of Proposition 15.1 1 We deduce that the process (^f = 

dev^{t, P^'^'^'P, E^'^°'P'''))to<t<T satisfies the BSDE: 

= dyfiPt'"'", 'dt + dmt, to<t<T, 

with = cj)'{E^*°'P'^) as terminal condition, {mf)tQ<t<T standing for a martingale term. Therefore, 

for e, e' > 0, 

+ 2[dyf{Pt'''"'P,Yf''°'^'') - dyf{Pf''''P,Yf''°'^'')] [^fT[*? - ^f]^* 
+ d [m^ ~ "'-^ ] t + dn^'^ , 

{n^'^ )to<t<T standing for a new martingale term and [m^ — rrf'] for the quadratic variation of rrf — 
rrf' . Since dyf>0 and is non-negative and bounded by a constant depending on L, T and ||<^'||oo 
only (see Proposition I2.4I ). 

\deV%to,p,e) - dy{to,p,ef < E[(0'(i?^'*°'^'^) - c/,' {Ep'^"^ ''))'] 

+ CE IdyfiPt'"'", y/'*0'P'") - dyf{pf''°'P, y/''*°'P'")|di. 

Jto 

This is sufficient to prove that the sequence (5et'^)e>o is uniformly convergent on compact subsets as 
e tends to 0: the limit is dev'^; it is continuous. 

We now investigate dpv'^. Using the same notation as in Q and applying Ito's formula to the 
process Pj'*"'^, e + eBs^to))ta<s<T, we obtain 



v%to,p,e)=E 



(e + eBr-to 



Since dev"^ converges towards SgU'^ uniformly on compact subsets, we deduce 



v^{to,p,e) = (^ie)-K 



to 



f 'P,v'^{s,Pj'''P,e))deV^{s, Pj° 'P , e) ds 
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By Bismut-Elworthy formula (see Nualart iMl) 

dpv'*'{tQ,p, e) 



T 



to 



to 



-E 



Jto 



ds. 



The term inside the integral from to to T is bounded by (s — to) uniformly in to, s, p and e in 
compact sets. By uniform integrability, continuity of dpv'^ easily follows. 

Second Step: Representation of dpv'f'. We now assume that d = 1. We then make use of ( fT6l ). 
With [/f = dpv%t, Pi'^^'P , Ei'^'''^'"') and Vf = 92^?;^(t, ^i'*"'^'^) for some initial condition 

(to,p, e), we obtain as dynamics for C/^ (below, we do not specify (to,p, e) in and E'^), 



du! 



(85) 



-dph{P!)Utdt - aiPDdpaiPlMdt 

+ 9e^;^(t, , [dpf{P!, y/) + , y/)c/f ] dt 

+ F/cj(Pf + eF/dH/i' + ed^^v^t, Pf , Ef)dBt, < t < T, 



with Uj, = as terminal condition. We then introduce the exponential weight: 

= exp( [\-dyf{P!,Y!)deV%s,P!,EI)+dpb{P!) - hdpa{P!))']ds+ f dpa{PI)dW, 
By Ito's formula, we obtain the following Feynman-Kac formula: 

- [-T 

-E 



^to 



[ deV%t,P!,Yl)dpf{P!,YnStdt 

Jto 



Defining the density 



dF 



we get: 



= expf r dpa{Pl)dWs - \ fldpaiPDfds 
\Jto ^ Jto 

r deV%t,Pi,Yndpf{t,P,',Yf) 
Jto 

[-dyf{P!,Y,')deV%s,P!,El) + dpb{P^ 



ds dt 



and letting e tend to 0, we complete the proof. 



n 



Proposition 5.2. Assume that, in addition to (A.l), (A.2), the coefficients b and a are continuously 
differentiable with Holder continuous derivatives, that the function f is continuously differentiable 
w.r.t. p and y and that a is bounded by L and aa~^ uniformly non-degenerate as in (A.4) and (1421 ). 
(Pay attention that b may not be bounded.) Assume also that the terminal condition (p is smooth. 
Then, there exists a constant C > 1, depending on L and T only, such that, if the terminal condition 
(f) satisfies <p{e) = Ifor e > A, then, for any {tQ,p, e) G [0, T) x M'' x M, 

(86) e = e + w{to,p) > A + C{T - to) ^ dev'^{t,p,e) <C{T-to)'^. 
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Similarly, if cj) satisfies (j){e) = Ofore < A, then, for any {to,p,e) € [0,T) x R'^ x M, 



(87) e = e + u;(to,p) < A - C{T - to) =^ dev'^{t,p, e) < C{T - tof. 

Proof. We prove ([86l ) only, i.e. we assume (/i(e) = 1 for e > A. Given an initial condition {tQ,p, e), 
we consider deE'l' and for convenience we omit to specify the initial condition in P and E'^. Differ- 
entiating (y/ = v^{t,Pt,Ef))t^<t<T w.r.t. e, we deduce that (Mt = deV*{t, Pt, Ef)deEf)t,<t<T 
is a bounded martingale. (By Proposition 15. 11 deV^ exists as a true function. By Proposition I2.4[ it is 
bounded up to the boundary.) 

When E^ > A, dev't'{T, Pt, Et) is zero, so that Mt = as well. Since = S^, we also have 
that Mt = when > A. (Here = Ef + w{t, Pt) as in We now use the hitting time r 
defined in Lemma [53] below. We also assume that e = e + w{to,p) > A + (L + 1)(T — to)- On the 
event {r = T}, it is proven below that E^ > A + {T - to), so that Mt = 0. By Doob's Theorem, 
we get that deV't'{to,p, e) = E[M^], so that deV'''{to,p, e) = E[M^; r < T]. 

Since deV'^{T, Pr, E^) < L{T - t)~^ on the event {r < T} (see Proposition l2!4l). we deduce 

(88) dev't'ito,p,e) < LE[{T - t)~';t < T] < L ^(T - t„+i)-ip{r G Wi]}, 

n>0 

for the net (t„ = to + {T — to){l — 2~^"))„>o given in Lemma [531 

Therefore, (T - = 24('"+i)(r - to)~^ in ([88]l. By (HH) in Lemma[531 we deduce that 

dev'>'{to,p, e) < C{T - to)^. The proof is similar- when e < A - (L + l)(r - to). □ 

Lemma 5.3. For a given to G [0, T), define 6n = 15(r - to)2"'^", K = 16L(r - to)2~" n G N*. 
Given the time and space nets 

{tn = to + ^5k = to + iT- to)- le-'^ =to + {T- to){l - 2-^")]„>i, 

fc=l fc=0 
n T — f 

= 5] /ifc = 16L^-^ J] 2-' = 16L(T - to)(l - 2-")]„>i, 

A;=l A;=0 

we define the envelope function tpt = (t) + ^„>2 ^nl(t„_i,t„] {t), t G [toi together with 

the tube T = {(t, e') G [to, T] x M : |e' - e| < VJ- 

r/ie?i, f/jere e;t/5f5 a constant C, depending on known parameters only, such that the distribution of 
the hitting time t = inf{t > to : (t, eI"'^'^) 7"} a T satisfies 



(89) 



Vn > 1, P{r G (t„_i,t„]} < C2-6"(r - to)^. 
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Proof. From (l27l) . we know that the drift of {Et)tQ<t<T is in [— L, 0] and its diffusion coefficient 
less than C{T -to). Given n > 1, 

< sup P{ sup \eI"-^'P'^' - e\> Hn}. 

pGlR'*,|e'-e|<_ff„_i 

< sup P{ sup \eI"-^'^'^' - e'\ + Hn^i > Hn} 



sup 

\e'-e\<H„ 



sup 




l<t<tn 




sup 




l<t<tn 








sup 


f 


l<t<t„ 


Jtn^ 



{dpw{s,Ps),'T{Ps)dB,) 



By Markov and Doob inequalities (with 6 as exponent), we conclude that there exists a constant C, 
depending on L and T only, such that 

P{r € itn-i,tn]} < C26"<53 = c{T - to)'2-6-. □ 
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